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Introduction

@ We will look at selected topics in classical mechanics and
electrodynamics and apply them to important topics in
accelerator physics. The focus will be on rings, but the
methodology applies more generally.

@ The choice of material is somewhat subjective.

@ | assume knowledge of basics of classical mechanics,
electrodynamics, and the special theory of relativity.

@ The course is designed to be self-contained. We will go over
key derivations, at least briefly.

@ You have lecture notes from Gennady Stupakov's class in
2011, extra handouts, and a textbook. We will only cover a
portion of this material, and not always in order. The
textbook is mostly for reference.

@ Some materials are available online,
http://laser.1lbl.gov/~gpenn/uspas2016
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http://laser.lbl.gov/~gpenn/uspas2016

Practical matters

@ Daily schedule:

9 am — 12 pm lectures (with a break around 10:30)
2 pm — 4 pm solving sample problems, special topics,
questions
Evenings we will be available for questions
Fridays will be short days

@ Homework is due next day at 9 am.

o We will have 9 days of lectures and a final exam on Friday,
Feb 5, 9 am — 12 pm. No homework will be assigned the day
before the exam. A normal-length homework will be assigned
on the first Friday, due Monday. Final grade is based on 60%
homework + 40% exam.

@ Sl system of units is used throughout the course
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Practical matters

Mornings and Afternoons, here unless otherwise specified

Evenings in same area as meals unless otherwise specified

Teaching the course:

Gregory Penn Instructor 510-928-3643 gepenn@Ibl.gov
Jeff Eldred Teaching Assistant jseldred@fnal.gov
Kilean Hwang Grader kh20@indiana.edu

@ We have a small class, feel free to ask questions during
lectures. The pacing of the class can also be adjusted.

Any comments on lectures and notes are highly appreciated.

Using software packages (Matlab, Mathematica) for
calculations is fine. There will be no computer lab.
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Main themes of this course

@ Classical Mechanics

Oscillators

Hamiltonial formulation of equations of motion
Action-angle variables

Dynamics in a ring

Distribution function and Vlasov equation
Special Relativity

@ Electromagnetism

Self-fields of beams

Effect of environment

Radiation fields

Synchrotron radiation

Formation length of radiation, coherent effects, beam
diagnostics
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Recommended references

Books:

@ Jorge V. José and Eugene J. Saletan. Classical dynamics: a
contemporary approach. Cambridge University Press, 1998.

@ J. D. Jackson. Classical Electrodynamics. Wiley, New York,
third edition, 1999.

@ Herbert Goldstein, Charles Poole, and John Safko. Classical
mechanics. Edison-Wesley, 3d edition, 2000.

@ Walter Greiner, Classical Mechanics: Systems of particles and
Hamiltonian dynamcs, 2nd edition. Springer, 2010.

@ Gerald Jay Sussman and Jack Wisdom. Structure and
Interpretation of Classical Mechanics. MIT Press, 2001.

The last ref. is available online at:
http://mitpress.mit.edu/SICM/
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Linear and Nonlinear Oscillators
(Lecture 2)

January 25, 2016

7/460



Lecture outline

A simple model of a linear oscillator forms the foundation of many
physical phenomena in accelerator dynamics. A typical trajectory
of a particle in an accelerator can be represented as an oscillation
around a so called reference orbit.

We will start from recalling the main properties of the linear
oscillator. We then look at the response of a linear oscillator to
external force, and effects of varying oscillator frequency. We then
proceed to an oscillator with a small nonlinearity, with a pendulum
as a solvable example of a nonlinear oscillator. We finish with brief
discussion of resonance in nonlinear oscillators.
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Linear Oscillator

A differential equation for a linear oscillator without damping has
the form

d2
F;( + wix =0 (2.1)

where x(t) is the oscillating quantity, t is time and wq is the
oscillator frequency. For a mass on a spring, w% = k/m, where k is
the spring constant.

NANA—
Figure : A mass attached to a spring.
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Linear Oscillator

General solution of Eq. (2.1) is characterized by the amplitude A and the
phase ¢

x(t) = Acos(wqt + ¢) (2.2)

This solution conserves the quantity x(t)2 + x2(t)/w3.
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Linear Oscillator
Damping due to a friction force which is proportional to the
velocity introduces a term with the first derivative into the
differential equation
d’x dx
a2 TV
where vy is the damping constant (it has the dimension of
frequency). A general solution to this equation is

+wix =0 (2.3)

x(t) = Ae "t cos(wt + ) (2.4)
with
y? 1
w1 = wo 42 Y1=5Y (2.5)

If v < wy, then the frequency wj is close to wyp, Wi =~ wy.
Quality factor @ = wp/2y.
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Linear Oscillator

As an example, consider particle oscillations in the Low Energy
Ring in PEP-1I at SLAC. In the transverse direction, the particle
executes the betatron oscillations with the frequency about 40
times larger than the revolution frequency of 136 kHz. This makes
wp ~ 27 x 5.4 MHz. The damping time yfl due to the
synchrotron radiation is about 60 ms, which means that

Y =2/(60ms) ~ 30 Hz. We see that the ratio y/wg ~ 107%is
extremely small for these oscillations, and the damping can be
neglected in first approximation.
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Driven Oscillator

If the oscillator is driven by an external force f(t) then we have

d? d
—X+yd—:+w%x= f(t) (2.6)

(f(t) is properly normalized here). From the ODE theory we know
how to write a general solution to the above equation. We will
write down here the result for the case y = 0:

. 1 t
x(t) = xp cos wot + 20 in wot + J sinwo(t — t')f(t')dt’
Wo Wo

0
(2.7)

where xp and xg are initial, at t = 0, coordinate and velocity of the
oscillator.
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Resonance
Let’s assume that an oscillator is driven by a sinusoidal force,
f(t) = fycos wt. A convenient way to study this problem is to use
complex numbers. Instead of considering a real function x(t) we will
consider a complex function &(t) such that x(t) = Re &(t). The equation
for & is
d?¢, dé

—+

iR wiE = fe 't (2.8)

Let us seek solution in the form &(t) = Ege™'“t where &g is a complex

number, & = |&ple’®. This means that the real variable x is

x(t) = Re &(t) = Re (|&gle '@t ®) = |&y| cos(wt — d). We have
(—w? —iwy + wd)& = f (2.9)

and
fo
3 .
w§ — w? —iwy

&o =
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Resonance
For the amplitude squared of the oscillations we find
f2
[€of* = 2 202 24,2
(wg — w?)? + w?y

The plot of the amplitude versus frequency w is shown below for
vy =0.5, 0.2, 0.1, 0

(2.11)

100 F
75 |

50 F

€olPwo/fo?

25 |
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Resonance

When the damping factor y is small we have an effect of
resonance: the amplitude of oscillations increases when the driving
frequency approaches the resonant frequency. The width Aw,es of
the resonance is defined as a characteristic width of the resonant
curve, Awyes ~7y. It makes sense to talk about the resonance only
when v < wy.
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Random kicks

What happens if an oscillator is kicked at random times? Let us
assume that the external force is given by the following expression,

= ad(t—t) (2.12)

where t; are random moments of time, and the kick amplitudes a;
take random values. To deal with this problem we will use Eq.
(2.7) (assuming for simplicity that vy = 0). We then have

x(t) = (iojtsin wo(t —t"f(t")dt'

_Z—smwo t—t) (2.13)

where we also assumed that at time t = 0 the oscillator was at
rest. The result is a random function whose particular values are
determined by the specific sequence of a; and t;.
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Random kicks

We would like to find some statistical characteristics of this random
motion. An important quantity is the sum x(t)2 + x3(t)/w3—for
free oscillations it is equal to the square of the amplitude. So we
want to find the statistical average of this quantity:

2 XE),
<X(t) + w% >_
:<w62 Z ajaj(sin wo(t — t;) sin wo(t — tj)
i
+cos wo(t — tj) cos wo(t — t;)))
= <w52 Z ajaj cos wo(t; — tj]> (2-14)
isj

Because t; and t; are not correlated if / # j, the phase of the
cosine function is random, and the terms with i/ # j vanish after
averaging. Only the terms with i = j survive the averaging.

18/460



Random kicks

The result is

2 X(t), () ()t
(x(t) w(z) ) = TgNkiCk(t) = wigﬂ (2.15)

where Ny (t) is the number of kicks on the interval [0, t], At is
an average time between the kicks. We see that the square of the
amplitude grows linearly with time. This is a characteristic of a
diffusion process.
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Parametric resonance
Let us consider what happens if we vary parameters of our linear
oscillator periodically with time. Since we have only one
parameter, this means that wq(t) is a periodic function,

d?x
s w(t)x =0 (2.16)

Moreover, let us assume that
w3(t) = O?(1 — hcos vt) (2.17)

(the resulting equation is called the Mathieu equation). Naively,
one might think that if h is small, the solution will be close to that
of a linear oscillator with constant parameters. This is not always
the case, as numerical solutions show. It turns out that even if h is
small, oscillations become unstable if the ratio of the frequencies
Q/v is close to n/2, where n is an integer. In other words, for

v 20, 200/3, Q/2, 2Q0/5, Q/3... the oscillator is unstable.
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Parametric resonance
The exact pattern of stable and unstable regions in the plane Q, h
is rather complicated. Unstable regions for Eq. (2.16) are bounded
by red curves from above and blue curves from below.

T T T T

2.5F E

Qly

0.0 0.2 0.4 0.6 0.8 1.0
h
Note that those regions become exponentially narrow if h < 1 and
v/Q is small. For a small v we have an oscillator whose
parameters are varied adiabatically slow. Small damping makes the
system stable for small h and v.
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Swing - an example of parametric resonance

Question: what is v/Q here?
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Adiabatic variation of parameters

Consider slow variation of the parameters of the oscillator. Assume that
the frequency wyq varies in time from a value w; to w; over a time
interval T:

dwo

dt

—2

wp <1 (2.18)

The relative change of the frequency wq over one radian of oscillations is
small. This is an adiabatic regime.

How does the amplitude of the oscillations vary in time? Seek solution of
Eq. (2.16) in the following (complex) form

t

E(t) = A(t) exp (—iJ wo(t")dt" + d>0> (2.19)
0

where A(t) is a slowly varying amplitude and ¢ is an initial phase. Put

this into (2.16)

d?A dA dwg
— —2iwg— —I—A=0 2.20
gz~ Y% T (2:20)
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Adiabatic variation of parameters

We expect that the amplitude A is a slow function of time, and
neglect d?>A/dt? in this equation, which gives

2wg— + ——A=0 (2.21)
t t
This equation can also be written as

d
o In(A2wgy) =0 (2.22)

from which it follows that in the adiabatic regime
A(t)?wo(t) = const. We found an adiabatic invariant for our
oscillator.
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Adiabatic variation of parameters

The Figure shows the result of numerical integration of Eq. (2.16)
in the adiabatic regime.

15F 2 q
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\
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t t

Figure : The left plot shows the function wq(t). The red curve on the
right plot shows the quantity x(t)? + x2(t)/w3 (which is close to the
amplitude squared A?) and the blue curve shows the product of this
quantity with wq(t). We see that the product is approximately
conserved, and hence is an adiabatic invariant.
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Nonlinear oscillator

The linear oscillator is usually obtained as a first approximation in
the expansion near the equilibrium position of a stable system.
Higher order terms would lead to nonlinear terms in the equation

d2

e + wix = ax® + Bx> +. (2.23)

where the coefficients «, 3, are small. What is the effect of these
terms? The most important consequence of nonlinear terms is that
they introduce a dependance of frequency of oscillations on
amplitude.
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Pendylum

Instead of studying Eq. (2.23) we will
analyze first the pendulum equation

0+ w3sin@=0 (2.24)

where w3 = g//, | being the length of the
pendulum.

Note that for small amplitudes, 8 <« 1, we have

1
sin ~ 0 — 693 (2.25)

and we recover Eq. (2.23) with a« =0 and B = w3/6. The linear
approximation for the pendulum equation is obtained if we neglect
the cubic term in this expansion.
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Pendulum

Of course, the pendulum can be solved exactly if we use the energy
conservation. Multiplying Eq. (2.24) by 0 gives

1dgp  od

5 0y cos® =0 (2.26)

from which it follows that the quantity

1
E= —92 — cos 0 = const (2.27)
2w3

is conserved. We call E the energy of the system; each orbit is
characterized by its own energy. For a given energy E we have

0 = +wg\/2(E + cos ) (2.28)
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Pendulum

This equation allows us to graph the phase portrait of the system
where we plot trajectories on the plane (6,0/wy).

There are stable points, unstable points and the separatrix on this
plot. Oscillations correspond to values of E such that —1 < E < 1,
with rotation occuring at E > 1. The separatrix has £ = 1.
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Pendulum
Let us find now how the period of the pendulum T (and hence the
frequency w = 27t/ T) depends on the amplitude. We can
integrate Eq. (2.28)

%) 02
wOJ dt:J 4 (2.29)
f 0, v/2(E + cos0)

For a given energy E, inside the separatrix, the pendulum swings
between —0p and 0, where Og is defined by the relation

cos 8y = —E, hence
1 (% do
woltp—t1) = — . 2.30

oltz = 1) \/ELI (cos® — cos Bp) ( )
To find a half a period of the oscillations we need to integrate from
—0p to Op:

1 1 (% do

—Twyg=— J (2.31)

2 V2 )—0, 1/ (cos® — cos By)
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Pendulum period
The result can be expressed in terms of the elliptic function K of

the first kind

where Tg = 27t/wy is the period in the linear approximation.
Period T as a function of the amplitude angle 8p in the range
0<Bg<m

P P R P
0 0.25 0.5 0.75 1
90/7'(
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Pendulum period—small amplitudes

For small values of the argument, the Taylor expansion of the
elliptic function is: (2/7)K(x) ~ 1+ x/4. This means that for
small amplitudes the frequency of oscillations is given by

03
w A wo | 1- ¢ (2.33)

it decreases with the amplitude.
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Pendulum period—Ilarge amplitudes

Near the separatrix, the period of oscillations becomes very large.

The separatrix corresponds to 8¢ = 7, and we can use the

approximation (2/7m)K(1 — x) ~ —(In x) /7t valid for x < 1, to find

an approximate formula for T near the separatrix. We obtain
T 1 1

— =
To 7w 1—E

(2.34)

As we see, the period diverges logarithmically as E approaches its
value at the separatrix.
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Nonlinear oscillator

In the general case of Eq. (2.23) the approximate solution will be
x(t) = A(t) cos[w(A)t + ] (2.35)

where the frequency w now becomes a function of the amplitude
w(A) ~ wp + aA’. (2.36)

In this equation we have to assume that the correction to the
frequency is small, wo > aA2. One can show that

3B 5
S 2.37
. 8wy  12w3 (2.37)
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Nonlinear resonance

For a linear oscillator a resonant frequency can drive the amplitude to
very large values, if the damping is small. The situation changes for a
nonlinear oscillator. In this case, when the amplitude grows, the
frequency of the oscillator changes and the oscillator detunes itself from
the resonance.

Let us first make a rough estimate of the maximum amplitude of a
nonlinear resonance. Take Eq. (2.11) and set v = 0 (no damping):

,.62

(w3 — w?)?

A = ol = (2.38)

Replace wy by wg + aA? and then set w = wyq (the frequency of the
driving force is equal to that of the linear oscillator). Using the smallness
of aA? we find

f2
APy —0 2.39
(23(,00/42)2 ( )
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Nonlinear resonance

This should be considered as an equation for A, from which we find

fo 1/3
Ar <2awo> (2.40)

We see that due to nonlinearity, even at exact resonance, the
amplitude of the oscillations is finite: it is proportional to a=1/3,

It is possible for an even larger amplitude A; to be reached by
gradually increasing w to wq + aA3.
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For consideration

@ For an oscillator driven by an external force, how is
nonlinearity near resonance similar to damping? How is it
different?

@ How might you estimate the relative importance of nonlinear
dynamics compared to linear damping?

@ What are the pros and cons of using an ideal, simple harmonic
oscillator as an example of a dynamic system?
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Lagrangian and Hamiltonian equations of motion
(Lecture 3)

January 25, 2016
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Lecture outline

The most general description of motion for a physical system is
provided in terms of the Lagrange and the Hamilton functions. In
this lecture we introduce the Lagrange equations of motion and
discuss the transition from the Lagrange to the Hamilton
equations. We write down the Lagrangian and Hamiltonian for a
charged particle and introduce the Poisson brackets.

Note: In the 2011 notes, Poisson brackets have the opposite sign
convention.
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Lagrangian
How to write equations of motion for a complicated mechanical
system, like the ones shown below?

Figure : A spherical pendulum and a rolling disk.
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Lagrangian

Each mechanical system is characterized by a Lagrangian function.
This function depends on generalized coordinates of the system,
g1, g2, ..., gGn, and velocities g1, @2,..., gn, and time t:

L(gi, gi, t) [for brevity, we will write L(qj, g, t) instead of
L(g1,G2y---yGnyQ1,G2y- -+, n, t)]. The number n is the number of
degrees of freedom for the system.
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Lagrangian

d; @)

9" The Lagrangian has the following
property: the integral

) 2
q. S—J Lanantide (3.1
1 ! t

t, t, t 1

(which is called the action) reaches an
Figure : The action reaches extremum along the true trajectory of

an extremum along the the system when varies with fixed end
physical trajectory of the points.
system.

This property can be used directly to find trajectories of a system by
numerically minimizing the action S. It is however not very practical, in
part because the varied trajectory is specified by its initial, g(t;), and
final, g(t), positions. In applications we would prefer to specify a
trajectory by its initial position and velocity.
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Lagrangian

For mechanical systems, the Lagrangian is equal to the difference
between the kinetic energy and the potential energy of the system.
For example, for the pendulum, with the angle 8 chosen as a
generalized coordinate g, the Lagrangian is

L(6,0) = gl292 + gmlcos©. (3.2)
As was mentioned above, knowing the Lagrangian is enough to be

able to find trajectories of the pendulum by direct minimization of
the action.
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Lagrangian—
The most convenient approach to the
problem of obtaining equations of motion
for a given Lagrangian is based on the
variational calculus. By direct minimization
of the action integral, requiring

] .
oo 5J L(gi,gi t)dt =0,  (3.3)

00 05 10 15 20 t

X
one can get equations of motion in the following form (see proof
below):

oL _doaL_,
dqi dtdg;

i=1,...,n. (3.4)

These are ordinary differential equations which are much easier to
solve than trying to directly minimize S.
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Clarification
What is d/dt? If we have a function f(q(t), g(t), t) then

af _of . of . of
dt  9q7 " 277 ot

Given, for example, g(r(t),t)

dg 0g 0g 0g 0g

dt " ox Ty e VT e
g
_va—i_ait

so we can write in this case

RS B )
a ot VYV Tt or
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Lagrangian

Let us prove (3.4). | assume 1 degree of freedom. Assume that g(t) is a
true orbit and g(t;) and g(t») are fixed. Let 6q(t) be a deviation from
this orbit; it has a property dq(t1) = dq(t2) = 0. Compute the variation
of the action:

ty
SJ L(q, t)dt =

5
t>

ta
:J L(g + 5, + 54, t)dt—J Lq,4, t)dt

ty t1
B /oL oL 2 /9L d oL
= —0q + .6(’7) dt = J ( — > dqdt 3.5
L (aq 0g n \0g dtog ’ (3:5)
where we used g = dbq/dt and integrated by parts. Since g(t) is a true
orbit, the action reaches an extremum on it, and the variation of the
action should be of second order, o< §g2. This means that the linear

variation that we found above vanishes for arbitrary 8¢, hence Eq. (3.4)
must be satisfied.
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Lagrangian

The Lagrangian for a given system is not unique. There exist
various forms of the Lagrangian for a physical system that lead to
the same equations of motion.

There are several advantages of using Lagrangian as a basic point
for formulation of equations of motion: a) easy to choose
convenient generalized coordinates, b) it is closely connected to
the variational principles, and c) it relates symmetries of the
Lagrangian to conservation laws for the system. A disadvantage is
that the Lagrangian approach sometimes obscures the nature of
the forces acting on the system.

A simple example of the relation between the symmetry of the
Lagrangian and the conservation laws is given by the case when L
does not depend on g;. As follows from Egs. (3.4), in this case the
quantity 0L/0g; is conserved.
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Relativistic equations of motion in electromagnetic field

For a point charge g moving with velocity v we have

d
d—f:qE—i—qva. (3.6)

On the right-hand side of this equation we have the Lorentz force.

48/460



Lagrangian of a relativistic particle in an electromagnetic
field

This is the Lagrangian of a relativistic charged particle moving in
electromagnetic field represented by the vector potential A and the
scalar potential ¢:

L(r,v,t) =—mc®\/1—v2/c2 +ev-A(r,t) —ed(r,t). (3.7)

In Cartesian coordinate system, r = (x, y, z), and the Lagrangian is
given as a function L(x,y,z,x,Vy, z,t), where, of course, x = vy,
Yy =Vy, Z=v,.

The electric and magnetic fields are related to the potentials
through

0A

E=-Vb-o, B=VxA (3.8)
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Motion in uniform magnetic field

As an example of using the Lagrangian formalism, let us study
particle’s motion in a uniform magnetic field using the above
Lagrangian.

The field is directed along the z-axis:

B =(0,0,Bp). (3.9)
It is easy to check that the vector potential can be chosen as
A = (—Boy,0,0), (310)

so that B =V x A. This gives for the Lagrangian

L=—mc*/1—v2/c2 — eByvyy . (3.11)
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Motion in uniform magnetic field

For the equation of motion in the x direction

ax dtov. °

we observe that 0L/0x = 0 and

oL o Vx
ﬁ:mc y;—eBoy
which gives
oL d oL
T~ iy —eBov, = 0.
ox diow, YV eBow =0

We introduced y = (1 — 2)"1/2 with p = v/c.
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Motion in uniform magnetic field

In the last equation we used the fact that the motion in the
magnetic field conserves the kinetic energy, Yy = const, hence
v = 0. The equation for v, reads

VX = WpVy, (313)

where the cyclotron frequency wy is

eB
wy = —2, (3.14)
Ym
Repeating the derivation for the y component gives
Vy = —WHVx. (3.15)

Combining Egs. (3.13) and (3.15) yields vy + wy?vy = 0, with
the solution vy, = vgcos(wyt + o).
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Motion in uniform magnetic field
From Eq. (3.13) we then obtain v, = —vgsin(wyt + do) .
Integrating velocities, we find coordinates:

V( . V(
x = = sin(wyt + do) + X0, y = —-cos(wut + o)+ yo.-
wWH wH
(3.16)

This is a circular orbit with the radius (Larmor radius)

R= __P (3.17)

Wy 6[30

For the z-direction we have

g oL _
dtov,

0 — v, =0 — vy = const .
(3.18)
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From Lagrangian to Hamiltonian

Another way to describe motion of a system is to use the
Hamiltonian approach. It has many advantages over the
Lagrangian one.

A transition from the Lagrangian to the Hamiltonian is made in
three steps. First, we define the generalized momenta p;:

OL(qky Gy t)

de s =L, (3.19)

pi =

Second, we solve these equations and express g; in terms of g;, p;
and t

ai = Gi(Pky Gi, t) i=1...,n. (3.20)
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From Lagrangian to Hamiltonian

Third, we make a Hamiltonian function H,

(Z plql> qk>qka )) (3'21)

and express all g; on the right hand side through g;, p; and t using
Egs. (3.20) so that we get the Hamiltonian as a function of
variables qg;, pi and t: H(q1,p1,...,Gn, Py t).

With the Hamiltonian, the equations of motion become:
oH . _oH
0g;’ T o

b= — (3.22)

The variables p; and g; are called the canonically conjugate
variables.
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From Lagrangian to Hamiltonian

Let us prove (3.22). | assume one degree of freedom. Keep in

mind that L(q, 4(q, p, t), t)

OH d
B el — —— (pg—1L
<aq>p aq(pq )

_(_,24,0L3q) oL _aL
N dqg g

0g 0qgOq
_daL_dp
-~ dtog dt
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Hamiltonian of a charged particle in an electromagnetic
field
We start from the Lagrangian (3.7)

L(r,v,t) = —mc?\/1—v2/c2 +ev-Alr,t) —ed(r,t),

where r = (x,y,z) and v = (v, vy, v;). First, we need to find the
canonical conjugate momentum which we denote by 7t combining
into vector notation three cartesian coordinates (7, 7, 7, ):

o L
~ v
0+/1—v2/c?
ov
Mt eA= myv + eA. (3.25)

V1—v2/c?
Note that the conjugate momentum 7t differs from the kinetic
particle’s momentum nryv.
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Hamiltonian of a charged particle in an electromagnetic
field

Note that as follows from the previous equation,
vYB = (1t — eA)/mc, and hence

202 (TT— eA)?
YRS = T2 (3.26)
Now let us derive the Hamiltonian
H=v-mt—1L

=v-m+mc?\/1—v2/2—ev-A+ed

2
mc
:myvz—i-T—Fecl)

= myc? <[52 + 12> +ed
Y
= myc*+ed. (3.27)
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Hamiltonian of a charged particle in an electromagnetic
field

The Hamiltonian is the sum of the energy myc? and the potential
energy associated with the electrostatic potential ¢. The vector
potential is hidden in Eq. (3.27). To see that, remember, the we
need to express H in terms of the conjugate coordinates and
momenta. Using Eq. (3.26) we obtain:

which gives for the Hamiltonian
H=1/(me2)? + c2(m— eA) + ed. (3.29)

This is the Hamiltonian of a charged particle in electromagnetic
field.
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Poisson brackets
Let f(q;, piy t) be a function of coordinate, momenta and time. Assume
that coordinates and momenta evolve according to the Hamilton
equations, and g;(t) and p;(t) represent a trajectory. Then f becomes a
function of time t only: f(g;(t), pi(t),t). What is the derivative of this
function with respect to time? We have

df  of of . of .
9 ot + Z (aq’_q: + ap,'pl) . (3-30)

Substituting Egs. (3.22) into these equations gives

df _Of 5 (2F2H o oH
dt ot 0q; Op; Op; 0g;

_of

=3¢ +{f, H}, (3.31)
where we introduced the Poisson brackets
OH of OH of
f H} = — . 3.32
i H) Z <3Pi dg; 0gq; aPi) (3.52)

i
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Poisson brackets

Poisson brackets have many remarkable properties. We will use the
following two in the next lectures. For two functions f(q;, pi, t)

and g(qi) Piy t)

{g, ft=—{f,g}, (3.33)
and also
{f,f}=0. (3.34)
It is easy to verify that following identities hold
{gi,a} ={pi,pc} =0,  {qi, p} = dik - (3.35)
If the Hamiltonian H(g;(t), p;i(t), t) is considered as a function of
time then
‘;’: %’: (M, H} = H (3.36)
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Canonical transformations
(Lecture 4)

January 26, 2016
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Lecture outline

We will introduce and discuss canonical transformations that
conserve the Hamiltonian structure of equations of motion.
Poisson brackets are used to verify that a given transformation is
canonical. A practical way to devise canonical transformation is
based on usage of generation functions.

The motivation behind this study is to understand the freedom
which we have in the choice of various sets of coordinates and
momenta. Later we will use this freedom to select a convenient set
of coordinates for description of partilcle’s motion in an accelerator.
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Introduction
Within the Lagrangian approach we can choose the generalized
coordinates as we please. We can start with a set of coordinates g;
and then introduce generalized momenta p; according to Egs.

_ 0L(9xk Gy )
0g;
and form the Hamiltonian

(Z plql> qk)qk) )

Or, we can chose another set of generalized coordinates

Qi = Qi(qk, t), express the Lagrangian as a function of Q;, and
obtain a different set of momenta P; and a different Hamiltonian
H'(Q;, P;, t). This type of transformation is called a point
transformation. The two representations are physically equivalent
and they describe the same dynamics of our physical system.

i ; I:].,...,n,
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Introduction

A more general approach to the problem of using various variables
in Hamiltonian formulation of equations of motion is the following.
Let us assume that we have canonical variables g;, p; and the
corresponding Hamiltonian H(g;, p;, t) and then make a
transformation to new variables

Qi = Qi(qky piy t) Pi = Pi(qk, Pk, t) . i=1...n. (41)

Can we find a new Hamiltonian H’(Q;, P;, t) such that the system
motion in new variables satisfies Hamiltonian equations with H’?
What are requirements on the transformation (4.1) for such a
Hamiltonian to exist?

These questions lead us to canonical transformations. They are
more general than point transformations and they can depend on g.
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Canonical transformations

We first consider a time independent Hamiltonian H, and later
generalize the result for the case when H is a function of time. Let
us assume that we have canonical variables g;, p; and the
Hamiltonian H(q;, pi).

Pi

Q

Instead of g;, p; we would like to use a new set of independent
variables Q;, P; that are related to the old one,

Qi = Qi(qk, px) s Pi = Pi(qk, k) i=1...n. (42)
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Canonical transformations

We assume that the inverse transformation from Q;, P; to q;, p;
exists and write it as follows

qi = qi(Qk, Px) , pi = pi(Qk, Px), i=1...n. (43)

It is obtained by considering Egs. (4.2) as 2n equations for the old
variables and solving them for g;, p;.

For simplicity | consider n =1 and drop indexes. Let us introduce
a function H” which is H expressed in terms of new variables (we

do not know yet if H' can be used as a Hamiltonian) :

HI(Q) 'D) = H(q(Q) P)>p(Q> P)) (44)

Let us assume that we solved Hamiltonian equations of motion and
found a trajectory q(t), p(t). This trajectory gives us an orbit in
new variables as well, through the transformation (4.2):

Q(t) = Q(q(t), p(t)), P(t) = P(q(t),p(t)). (4.5)

67/460



Canonical transformations

We would like the trajectory defined by the functions Q(t) and
P(t) to be a Hamiltonian orbit, that is to say that we would like it
to satisfy the equations

dP dH'(Q(t), P(1)) dQ  9H'(Q(t), P(t))
dt 0Q ’ dt oP '

(4.6)

If these conditions are satisfied for every Hamiltonian H, then Egs.
(4.2) give us a canonical transformation.
Here are two trivial examples of canonical transformations:

QR=p, P=—q.
Q=-p, P=q.
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When is a transformation canonical?

How to find out if a given transformation (4.2) is canonical? It
turns out that it is canonical if and only if

{Q) Q}q,p =0, (4'9)
{P» P}q,p = O» (4'10)
{Q) P}q,p =1. (411)

Proof is in the lecture notes. Note that the form of the
Hamiltonian is not used, except to define the original canonical
momenta.
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Example: Point transformation

Given Q = fgo(gq, t), then new momentum P = p/(0fg/0q).
Note that if p =0, then P = 0. We can apply a shift in coordinate
system, but momentum still has a sense of proportionality. In
particular, an object at rest should have zero velocity in any
coordinate system.
We have

0PO0Q 0POQ 1 0fg _q

p _ PO PO
P, Qlap dp 0qg 0q 0p  0fg/dq dq

This is a small subset of possible canonical transformations.
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Example: Linear combination
Given:

Q = aq + bp, P = cq+ dp.

When this variable transformation is canonical? Compute Poisson
brackets

{(Q> C?}q,p = {F)> F)}q,p =0

0QoP 0QoP
{Q» }mp aq ap ap aq a C

The determinant of the matrix
a b
c d
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Generating functions
Poisson brackets do not give us a method to generate canonical
transformations. The technique which allows one to create a
transformation that is guaranteed to be canonical is based on the
so called generating functions.
We will give a complete formulation of the method of generation
functions in the next section. Here, we consider a special case of a
generating function which is a function of coordinates g; and new
coordinated Q;. Let us denote such a function by F,

Fi(qi, Q). (4.12)

The canonical transformation associated with this function is given
by the following equations:

_ aFl(qi) QI)
e

_aFl(qi) QI)

) P = aQ,' y i=1...n.

i
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Generating functions

These equations should be considered as equations for Q; and P;.
Solving the equations we find the transformation (4.2). It turns
out that this transformation is canonical.

We will prove that Egs. (4.13) define a canonical transformation in
the case of one degree of freedom and time-independent. In this
case, we have only two conjugate variables, g and p, and a
canonical transformation (4.2) is given by two equations

Q@=Qlgp), P=Plgp). (4.14)

The generating function F1(q, Q) is a function of two variables,
and from (4.13) we have

_aF]_(C],Q)
P=—"%3,
q

_aFl(q> Q)
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Proof for 1 degree of freedom

We first note that for one degree of freedom, the conditions

{@, @} =0 and {P, P} = 0 are trivially true, because there are no
cross terms from other degrees of freedom. We only need to prove
0Q0P 0QO0P

o, (4.16)

Plap = 5o =
{Q> }mp dq dp dp dq

We now have to remember to characterize the generating function
as Fi1(q, Q(q, p)). From the second of Eqgs. (4.15) we have

0P R ®FIQ P °F0Q

- = - --X — = 4.17
el 0Qdg 09Q209q’ op 0Q2% op (4.17)
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Proof for 1 degree of freedom (cont'd)

Substituting these equation into Eq. (4.16) we obtain

0P3Q 0POQ  9°F 03Q

dpdg 0qdp 0Qdqop’

The derivative 0Q/0dp can be found when we differentiate the first
of equations (4.15) with respect to p:

(4.18)

| _9°h20
© 9goQ op’

and we see that RHS of (4.18) is equal to 1, which means

(4.19)

{Q,Plgp=1. (4.20)
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Four types of generating functions

The functions (4.12) are not the only type of functions that
generate canonical transformations. Below we will list other types
that can be used for this purpose. Before that, however, we need
to generalize our result for the time dependent transformations and
time dependent Hamiltonians.
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Four types of generating functions

Canonical transformations can be time dependent,

Qi:Qi(qk)pk)t)a PiZPi(Qk>Pk)t)- i=1...n. (421)

They can be applied to time dependent Hamiltonians as well. The
Poisson brackets are still applicable in this case, and Egs. (4.9) -
(4.11) are necessary and sufficient conditions for a transformation
to be canonical (the variable t can be considered as a parameter in
calculation of the Poisson brackets). However, the simple rule
(4.4) for obtaining a new Hamiltonian needs to be modified for the
general case of time dependent transformations.
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Four types of generating functions

Previously we introduced the generating function Fi(q;, Q;). This
is only one of four possible types of the generating functions. All
generating functions depend on a set of old coordinates and a set
of new ones. These sets come in the following combinations:

(gi, Qi) (qiy Pi), (piy Qi), and (pj, P;). Correspondingly, we have 4
types of the generating function. The rules how to make a
canonical transformation for each type of the generating function,
and the associated transformation of the Hamiltonian, are shown
below.
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Four types of generating functions

The first type of the generating functions is F1(q;, Qi, t):

- 0R Ok
pl - aq, ) I aQI )
0F;
H =H+ —. 4.22
+ 5, (4.22)
The second type is F2(q;j, Pi, t):
0k _0R
pl - aql ) Q/ - aPI )
oF;
H =H+ =2 (4.23)

ot
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Four types of generating functions

The third type is F3(p;, Qi, t):

_ 0k __0F
ql - apl ) [ aQI )
0F3
H =H+ —. 4.24
+ 5, (4.24)
The fourth type is F4(pj, P, t):
oF. oF.
qi = — 4 ) Qi = 74)
op; oP;
oF.
H =H+ —* (4.25)

ot
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Example of canonical transformations

We first consider a simple example of the identity transformation
Qi = qi, Pi = pi. (4.26)

The generating function of the second type for this transformation
is

n
F2 = Zq,'P,'. (427)
i=1
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Revisit point transformations
We now go back to point transformations, Q; = fg;({qx}, t). We
will show that

Fr=) foillah t)Pi (4.28)
i=1

and that the dynamics for the modified Langrangian agrees with
the additional term 0F,/0t.
The generating function yields

a/f2 dfgi .
Z o, P; — Z WP | (4.29)
i=1 i=1

where Wj; = an;/aqj. Therefore,

Pi=) piW;! (4.30)
i=1
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Revisit point transformations
The new Hamiltonian is given by

0

OF foi
P; . 4.31
3¢ (4.31)

H’:H+—:H+i
i=1

ot

In terms of the original Lagrangian, we have the same action
integral (it gets a little more complicated for more general cases,
add a total time derivative to L’):

to to X
S = J L(gj, g, t) dt = J L/(Q,', Qi t) dt (4.32)
t1 [51
so L = L’. Also, by definition of the transformation,
: ~ dfgi . Ofg;
;= + . 4.33
Q 2 3q Ut 75, (4.33)
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Revisit point transformations
If the original conjugate momentum was p; = 0L/0g;, then the
new conjugate momentum has to satisfy

oL TAL0Q, & AL'AQ &
pi = e U : =Y PW,. (434
70 Zl 0Q; 9g; ; 0Q; 9g; ; A

This is exactly what we found from the generating function. Also,
the new Hamiltonian is

WL W a7 P c) B

i=1 j=1

]

_ijqj+Zij 1an, L—H+% (4.35)

i=1 j=1

So at Ieast for point transformations, the formulas for generating
functions match the requirements for going from a Lagrangian to a
Hamiltonian exactly.

84/460



Simple point transformations: swap x and y; rotations

A simple point transformation is to swap two physical coordinates.
To keep the notation similar, we use x = g; and y = g», and
include g3 as an extra degree of freedom. From Eq. (4.28) we see
that the generating function is

Fo=qP1+q1P2+ q3P3 (4.36)
A rotation in the x — y plane by 0 works in a similar way,

Fy = [(cos0)q1 + (sin 0) g2l P1 + [(cos 0) g2 — (sin 0)q1] P2 + q3Ps3
(4.37)

Note that © = 7t/2 gives a slightly different swap because y maps
to —x. Furthermore, if © has an explicit time-dependence, the new

Hamiltonian will have an additional term which reduces to
0F>

H:H%E:H+M®H—Q%) (4.38)
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Action-angle variables for linear oscillator

We now show how canonical transformations can be applied to the
harmonic oscillator. The Hamiltonian for an oscillator with a unit mass is

2 2.2
p wex
H==— 4.39
It gives the following equations of motion: p = —0H/0x = w?x,
x = 0H/0p = p with the solution
x = acos(wt + ¢g), p=—awsin(wt + dg) . (4.40)

We would like to introduce a set of new variables, J (new momentum)
and ¢ (new coordinate), such that the transformation from new to old
coordinates would be

x=a(J)cosd, p=—a(J)wsind. (4.41)

The advantage of the new variables is clear: the new momentum J is a
constant of motion (because a = const), and the new coordinate evolves
in a simple way, ® = wt + dg.
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Action-angle variables for linear oscillator

We will use a generating function F(x, ¢) of the first type. To
find this function, we need to express p in terms of the old and
new coordinates

p=—wxtand. (4.42)
Integrating the equation p = (0F;/0x)¢, we find

wx?

Fi(x, ¢) —JX pdi:—Ttamb. (4.43)
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Aside on generating functions

In general, the generating function needs to satisfy
q
F :J pdg  for Fyor R (4.44)
or
P
F= —J q dp for F3 or Fy4 (4.45)

For F1, @ will be held fixed. For Fp, P will be held fixed, which is
more “natural” for going to action-angle variables.

The math is less tedious using Fi, that is the only motivation for

using this form. In fact there is a relation between the two; given
any Fi, we can get the same result using F2(q, P) =) PQ + F.

This is a type of Legendre transform.
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Action-angle variables for linear oscillator
We have
0F;
2

wx? 1

2 cos? ¢

wx?

_ wx® 2
== (14 tan“ ¢)

2 2
2 w?2x2

= % (w?x?+p?) . (4.46)

This equation expresses the new momentum in terms of the old
variables. The new coordinate can be found from Eq. (4.42)

J =

¢ = —arctan & . (4.47)

89/460



Action-angle variables for linear oscillator

The new Hamiltonian is a function of the new momentum only
H=wJ, (4.48)

and gives the following equations of motion in new variables:

oH . 0H
_%_0, ‘b—aﬁ_

The oscillator dynamics looks very simple in new coordinates:

J= w. (4.49)

J = const, b =wt+ do. (4.50)

The (J, ) pair is called the action-angle coordinates for this
particular case. They are very useful for building a perturbation
theory in a system which in the zeroth approximation reduces to a
linear oscillator.
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Action-angle variables for linear oscillator

Here are expressions for old variables in terms of the new ones

/2
X = —JcosdJ
Wo
p=—v2Jwgsin (4.51)

This follows from (4.46) and (4.47).
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Hamiltonian flow in phase space
and Liouville's theorem
(Lecture 5)

January 26, 2016
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Lecture outline

We will discuss the Hamiltonian flow in the phase space. This flow
represents a time dependent canonical transformation of the
Hamiltonian variables.

We then discuss conservation of the phase volume in the
Hamiltonian flow (Liouville's theorem).
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Hamiltonian flow in phase space

We will now take another look at the Hamiltonian motion focusing
on its geometrical aspect. Let us assume that for a Hamiltonian
H(qj, pi, t), for every set of initial condition p?, q? from some
domain at time ty we can solve the equations of motion starting
from time ty and find the values p;, g; at time t. This gives us a
map

pi = pi(pd, aP, to, t), g = ai(pd, af, to, t) . (5.1)

04/460



Hamiltonian flow in phase space

Considering the time t as a variable we will move each point
(gi, pi) along a trajectory in the phase space. A collection of such
trajectories with various initial conditions (q?,p?) constitutes a
Hamiltonian flow.

872
/&
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Hamiltonian flow is canonical

A remarkable feature of the relations (5.1) is that, for a given ty
and t, they constitute a canonical transformation from p?, q? to
pi, qi, which is also called a symplectic transfer map. We will
prove the canonical properties of this map for one degree of
freedom. In this case we can drop the index p; — p, g; — q, etc.
We will also focus only on one of the Poisson brackets, {q, p}qy,po:
the two others can be analyzed in a similar way.
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One degree of freedom

In our proof we demonstrate that the time derivative of the
Poisson bracket {p, q}q,,p, is €qual to zero at t = ty. Since tp can
be considered as an arbitrary moment of time, this means that the
time derivative of the Poisson bracket is identically equal to zero at
all times. And the conservation of the Poisson brackets in time
means that the map (5.1) remains symplectic for all values of ¢.
Note that at t = tp the map (5.1) becomes an identity
transformation, p = pp, ¢ = qo, and obviously

{q) p}qo,po{t:to =1. (52)
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Proof

We only calculate the time derivative of {g, p}q,,p,; the other
brackets can be analyzed in a similar way. We have

igple =9 (099 393
de' P PIoP = gt \ g0 dp0 0o qo
_ 09 ddp 0 ddg 03 3 dp 03p 0 dg

~ 0qodpo dt  dpp dqo dt  dpo dqo dt  dqo dpo dt
g 9 0H 0p 9 OH g 0 OH dp 0 OH

0qo dpo 0g  Opodqo Op  Opo dqo dg  3qo dpo Op

(5.3)

Using the chain rules for calculation of the partial derivatives

2 %0 202 2 2 290 (.
dpo  Opodp Odpodq’  dq0 g0 dp 0qo dq '

it is tedious but straightforward to show that all the terms on the
right hand side of (5.3) cancel out and d{gq, p}q,,p,/dt = 0.
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Symplectic maps

In accelerator context we might have a beam diagnostic at one
location of the ring, which measures coordinates of a bunched
beam when it passes by at time tg. On the next turn, at time

t =to+ T, where T is the revolution period in the ring, it
measures coordinates again. The relation between the new and the
old coordinates for various particles in the beam will be given by
the functions (5.1).
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Symplectic maps
The different language of symplectic maps is often used in
connection with this type of canonical transformation. A linear
map M is defined as symplectic if

MM = Jop, (5.5)
with
HL 0 0 O
Jon = 0 f 0. 2 , and J2—<(1) _01)
0 0 0 &,
(5.6)

It is clear the determinant of M must be equal to +1. What is
more difficult to see is that only det M = 1 is possible.

This is not a sufficient condition except for special case of 1 degree
of freedom.

100/460



Symplectic maps

Let us consider the transformation Q; = Q;(qx, px).

P; = Pi(qk, px), i =1...n, and change the notation introducing
Wok—1 = Gk, Wok = pr, Wak—1 = Qi, Wor = P, k =1,2,...n.
For examples, for n = 2 we have wy = g1, wo = p1, w3 = @,

ws = po, and the same set of relations with small letters replaced
by the capital ones.

A transformation from old to new variables is then given by 2n
functions

Wi = Wi(wy), ik=1,2,...2n. (5.7)
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Symplectic maps

It turns out that the requirement that all possible Poisson brackets
satisfy {Qi, Qk}q,p =0, {P;, 'Dk}q,p =0,{Qj, Pk}q,p = djk, (WhiCh is
equivalent to the requirement for the transformation to be
canonical) can be written as

MbaMT = b, (5.8)

where M is the Jacobian matrix of the transformation (with the
elements M; ; = 0W;/0w;) and the superscript T denotes
transposition of a matrix. This must hold true throughout phase
space.

The transformation can be nonlinear, but locally about any region
in phase space it must look like a symplectic linear map.
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Liouville's theorem
A general Hamiltonian flow in the phase space conserves several
integrals of motion. The most important one is the volume
occupied by an ensemble of particles. Conservation of the phase
space volume is called the Liouville theorem.

The phase space volume is expressed as a 2n-dimensional integral
V1 = J dqldqg...dq,,dpldpz...dpn, (59)
M
where the integration goes over a 2n-dimensional manifold M; in

the phase space. A canonical transformation maps the manifold
onto a different one Mo, and the new volume phase space is

Vo = J d@Q1dQ> . ..dQ,dP1dP>...dP,. (5.10)
Mo
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Liouville's theorem

The ratio of elementary volumes, as is known from the
mathematical analysis is equal to the determinant of the Jacobian
of the transformation M
d@1dQs . ..dQ,dP1dP;...dP,
dg1dq> ... dgadp1dps> . . . dp,

= |detM| . (5.11)

Using Eq. (5.5) it is easy to prove that |[detM| = 1.
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Extended canonical transformations

It is useful to define an extended Hamiltonian by including not just
time but the energy itself as variables, arranged in a pair with time
acting as the coordinate and energy (almost) as the conjugate

momentum.

Hext(q>pa ta pt) = H(qa p, t) +pt (512)
with pr = —H(q, p, t) required as a constraint. Usually we write
p: = —h; be careful with signs.

Now we have the simple constraint He = 0. New equations of
motion are dt/dt =1, dh/dt = dH/dt = OH/9t. No change.
What we get is a more general class of canonical transformations
that can explicitly involve time and energy and alter them.
Generating functions work the same way, with extra minus signs
when h is used instead of p;.
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Interpretation of extended phase space

We started with the variational principle to minimize

[%)
S= J L(g;, g, t) dt (5.13)

t1

A simple co-ordinate change yields

s=["tfatn G w0 ewor, 1)

where t' = dt/dt and ¢} = dq;/dT = t'dq;/dt = t'g;. Now we can
treat time t as just another co-ordinate, on an equal footing with

the others. This gives us a new Lagrangian with an extra degree of

freedom,

/
q.
Lonan ) = L (a1 2] ¢ (5.15)
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Example: scale change

The simplest transformation is to redefine time according to
t = fr(t). The generating function is F> = fr(t)h. Then

~ A df-
'qext(p) g, t, _h) = [H(p) a, t) - h] TZ-
dfr A
=|H t)— — h| . 5.16
(pyay )~ (5.16)

This is consistent with the conjugate to f being h dt/df, similar to
how the Lagrangian changes with a rescaling of time.
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Example: swapping a co-ordinate with time
The idea for replacing the independent variable with a co-ordinate
is simple. Since time looks like a co-ordinate, it is (up to a sign)
the same type of generating function as a swap between x and y:

F» = xPx + yP, — sE + tPs (5.17)
Transverse co-ordinates are unaffected, but
ps = —FE | e=—Ps, S=t, T=s (5.18)

Call the new (regular phase space) Hamiltonian K, with new
extended Hamiltonian K — E = K + ps which has to equal 0. We
find K by solving

H(X>Y>5)pX)py)_K (X))/) t) pX)py)_e)S) ) t) —e=0. (5'19)

If H is independent of t, then K does as well. The dynamic
equations are e/ = —0K /0t =0, t' = —0K/0e.
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Example: Lorentz transformation

The generating function for the Lorentz transformation (ignoring
transverse coordinates) is

Eq

Fg(q,t,P,E):y[Pq—Et—v<Pt—C2>] . (5.20)

Here v is the velocity shift, v = (1 — v2/c2)~Y/2. This yields

p=v(P+Ev/c®), e=y(E+VvP),
Q=v(g—vt), T=vy(t—vq/c?). (5.21)
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For consideration

@ A damped harmonic oscillator can be described in a way that
seems Hamiltonian (example given). Does this make sense?

@ How is mechanical momentum a meaningful concept when
canonical momentum determines the dynamics?
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Coordinate system and Hamiltonian
in a circular accelerator
(Lecture 6)

January 27, 2016
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Lecture outline

We first introduce a special coordinate system for a circular
accelerator and write equations of motion in that system. We then
switch to the Hamiltonian in which the coordinate s plays a role of
time. Finally, we make a small-amplitude approximation in the
Hamiltonian and derive a simplified expression for it.
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Setup

We assume that there is no electrostatic fields, ¢ = 0, and the
magnetic field is static. The magnetic field directs particle’s
motion in such a way that the particle is moving in a closed orbit.
This reference orbit is established for a particle with the nominal
momentum py (= myogvp). Our goal is to describe particles’
motion in the vicinity of this reference orbit, with energies
(momenta) that can slightly deviate from the nominal one. We will
also assume that the reference orbit is a plane curve.
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Reference orbit

A reference orbit and Cartesian coordinate system X, Y and Z.
It is given by the vector rq(s), where
s is the arclength measured along the
Y orbit in the direction of motion. We
define three unit vectors. Vector S
is the tangential vector to the orbit,
S =dro/ds. Vector, R, is perpendic-
2 7o(8) X ular to % and lies in the plane of the
plan
s x orbit. Vector 9 is § = $xX. It is per-
pendicular to the plane of the orbit,
and hence to 5 and R

The three vectors X, 9, and S constitute a right-hand oriented base for
the local coordinate system. The coordinate x is measured along X, and
the coordinate y is measured along 9.
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Reference orbit

Note that simultaneously flipping the directions of vectors x and y
is allowable, because it transforms a right-hand oriented coordinate
system to another one.

If the direction of the motion is reversed (e.g., by changing the
direction of the magnetic field or the sign of charge of the
particles), then vector 5 changes direction. To keep the local
coordinate system right-handed, the direction of vector X is usually
reversed too.
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Reference orbit

From the differential geometry (the so called Frenet-Serret
formulas) we have the following relations between the derivatives
of vectors rg, 5, X, and ¥:

dro
ds
ds be
ds pls)
dR S
ds
dy
ds

116/460



Deviations from reference orbit
Since we assumed that the orbit is plane, the magnetic field on the
orbit can only have y (vertical field) and s (solenoidal field)
components. The bending radius p is given by the following
equation (recall (3.17))

__bo
pls) = eB,(s) (6.2)

Most of the particles in the beam deviate from the reference orbit,

although they move close to it. Our goal to describe motion of
these particles.
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Coordinate system
Each point in the vicinity of the central orbit can be represented in
the local coordinate system.

O

In this system a radius vector r is represented by coordinates s, x,
and y such that

r=ro(s)+xx(s)+yy. (6.3)
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Derivatives in curvilinear coordinate system

Useful formulae for the gradient of a scalar function ¢(x, y,s), and
for the curl and divergence of a vector function A = (Ax(x,y,s),

Ay (X, ¥, ), As (X,y,S)):

Vo= Q j) °1 +1x/p ?3(3 ’ (64)

(VX A = —1 +1X/p aaiy aa/;s : (6.5)
(V x A = a;;* + %, (6.6)
(Vo Aly = 1 —i—lx/p aAS(la—)t e 1 +1x/p a;;x ’ (67)
VA= 1 +1x/p aAX(laj(_ xe aaéy 1 —i—lx/p a:ss’ (6:8)

[remember that p = p(s)].
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Hamiltonian, canonical transformation to new variables
The Hamiltonian for a charged particle is

H= \/(mc2)2 + c2(t— eA)2. (6.9)

This Hamiltonian was derived for a Cartesian coordinate system
which coordinates we denote X, Y and Z. We now want to obtain
a Hamiltonian in the coordinate system related to the reference
orbit. We will use generating functions to transform the
Hamiltonian to the new coordinates.

As a first step, we choose local coordinates s, x, and y as
coordinate variables of our new Hamiltonian. To carry out a
transformation from the original Cartesian coordinates X, Y and Z
to the new ones, we will a the generating function of the third type:

F3(mt,x,y,s) = =1 (ro(s) + xX(s) + y¥) . (6.10)

In this equation 7t = (7tx, 7y, 7t7) is the old momentum and x, y
and z are the new coordinates.
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Hamiltonian, canonical transformation to new variables

We denote by TT = (T1,,TT,,TTs) the new canonical momentum
(see Egs. for the generating function F3)

oF:
S PCLE P S
0x
0F3 N
ﬂy:—W:ﬂ-y—ﬂy,
_ 0FR dry dx
M= E_ﬂ <ds +de>

p
- (1 + ’;) . (6.11)
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Hamiltonian, canonical transformation to new variables
Note that

(t— eA)? = (1, — eAy)? + (1, — eA,)? + (1, — eAs)?  (6.12)
I—I' 2
— (HX — eAX)2 + (ny — eAy)2 —+ <1—i—)s(/p — eA5> y

and our Hamiltonian becomes

m 2
H=c|m?c®+ (TTy — eA,)? + (T, — eAy)2 + < eA5> ]

We have used the notation A, =A-X, A, =A-9,and A;,=A-5.
[Some authors use As = (14 x/p)A-5.]

Eq. (6.13) is our new Hamiltonian as a function of new
coordinates x, y, s and new conjugate momenta IIy, T, and TT;.
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Using s as a time variable

A particle has three degrees of freedom with the Hamiltonian
which is a constant of motion because it does not depend on time
t. Using this fact we can lower the number of degrees of freedom
from 3 to 2. To do this, we choose the variable s as an
independent variable instead of the time t.

Let us assume that we solved equations of motion and found all the
variables as functions of time, x(t), y(t), s(t), etc. Then we invert
the expression s = s(t) to find t(s), and x(t) — x(t(s)) = x(s).
We can do the same trick with coordinate y and components of
the momentum TT, and define y(s) and TI(s).

In accelerators beam diagnostics are located at given s, so it is
often natural to work with x(s) and y(s) rather than with x(t) and

y(t).
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Using s as a time variable
It turns out that the dependence of x, y, Ty, and TI, versus s, can
be found from Hamiltonian equations of motion, using a new
Hamiltonian with 2 pairs of conjugate variables. We first formulate
how to calculate this new Hamiltonian, and then prove that using
the formulated approach we indeed obtain the new equations of
motion for the two pairs of the canonically conjugate variables.
Let us write down the following equation:

h=H(x, T, y,M,,s,Ts), (6.14)
(where H is given by (6.13)) and solve it for T
Mg =Tls(x, My, y, Ty, s, h) . (6.15)

Here h is the value of the Hamiltonian H. Because our
Hamiltonian does not depend on time, the value of H is constant
along each orbit, the value of the Hamiltonian is equal to ymc?.
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New Hamiltonian
Let us introduce now a new Hamiltonian K

K(x, Ty, Ty, 5, h) = —TTs(x, T, y, Ty, s, h) (6.16)

in which x, Tl y, Tl are canonical conjugate variables, s is an
independent “time” variable, and h is a (constant) parameter. The
Hamiltonian K has two pairs of conjugate variables, and hence
describes motion of a system which has two degrees of freedom.
However, this Hamiltonian depends on “time” s.

We now show that dependence x(s), TI,(s), y(s), and T, (s) are
governed by the Hamiltonian (6.16). We have to remember that,
e.g., x(s) is obtained from x(t) and s(t) by eliminating the
variable t, and x(t) with s(t) are governed by the original
Hamiltonian H. We have for dx/ds

dx  dx/dt  QH/JTI,

= — = . 17
ds ds/dt OH/0Tl (6.17)
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New Hamiltonian

On the other hand, the derivative 0K /0TI, can be calculated as a

derivative of an implicit function

oK B ol B OH /0TI,
oM, \M,/, OH/0l,
and we see that

dx K
ds Tl

The same approach works for TT,,

dil,  dMM,/dt  —3H/dx [l
ds  ds/dt  OH/AT, \ dx /
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New Hamiltonian

Similarly one can show that equations for y and IT, can be
obtained with the Hamiltonian K. The price for lowering the
number of degrees of freedom is that we now have a “time
dependent” Hamiltonian (K is a function of s).

Although time is eliminated from our equations, the time
dependence can be found, if necessary. In order to do this, we need
the function s(t). Since ds/dt = 0H /0T, the inverse function
t(s) satisfies the following equation

de oM, oK
ds O0H  dh°

(6.21)
Integrating this equation, we can find t(s), invert it, and find s(t).

Note: even for H time-independent, K has explicit s-dependence.
Equations of motion for t and h will be trivial.
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Small amplitude approximation

The Hamiltonian K given by Eq. (6.16) can easily be found from
Eq. (6.13):

1 1/2
K=— (1 + Z) szﬁ — (T, — eA)? — (TT, — eA,)? — m?c?
— €A, (1 + Z) : (6.22)

In many cases of interest, a single component A; is sufficient to
describe the magnetic field, so we can set A, = A, =0 in

Eq. (6.22). In this case, TT, and TT, are equal to the kinetic
momenta TTy = px = myv, and TT, = p, = myv, (see Egs. (6.11)
and (3.25)). We will use py and p, instead of TT, and TT, in what
follows. We will consider these momenta as small quantities
(compared with the total momentum of the particle), because
particles usually move at a small angle to the nominal orbit.
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Small amplitude approximation

Expanding the Hamiltonian in p, and p, we get:

2 2
X [o Py X
Kre—p(1+2) (1= - ) _ea (142 2
p<+p>< 2p? 2p2) ° <+p>’ (623

where p = \/h?/c? — m2c? is the kinetic momentum of the

particle (which together with the energy is a conserved quantity in
a constant magnetic field).

Instead of using dimensional momenta p, and p, it is convenient
to introduce dimensionless variables P, = p,/pg and P, = p,/po,
where pg is the nominal momentum in the ring. Transformation
from x, px, v, py to x, Px, y, P, is not canonical, but a simple
consideration shows that it can be achieved by simply dividing the
Hamiltonian by pp.
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Small amplitude approximation

Denoting the new Hamiltonian H we have

K
H(X) PX))/) Py) = % (6.24)

p X 1 p 21 2 P 2 e X
=—"(1+= 1—ZP? Py ——As 1+~
Po P 2 p) 2 Po Po P

We are interested here in the case when the energy and the total

momentum of the particle can only slightly deviate from the
nominal one, that is

P —14m, (6.25)
Po

with 1 < 1. With this in mind, we obtain
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Small amplitude approximation

H(x, Px,y, Py) (6.26)

1, 1
— (147 (1+:> (1—2P§—2P§> —iAS (1+:> ,

where we replaced (p/po)? by unity in small quadratic terms proportional
to P2 and Pyz.

Finally, we note that our momenta Py, P, are approximately equal to the
orbit slopes x’ = dx/ds and y’ = dy/ds, respectively. Indeed

dx v
X=X _Pxop (6.27)
ds Vs Ps
with a similar expression for y’. Some authors actually use x’ and y’ as
canonical momenta conjugate to x and y instead of P, P,—in this case
one has to be careful to avoid confusion between a canonical variable

(say Py) with the rate of change of its conjugate (that is dx/ds).
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Time dependent Hamiltonian
Our derivation above can be easily modified to include the case of
time dependent Hamiltonians. In Eq. (6.14) we will have
H(x,T., y,M,,s,Tls, t), and correspondingly the new Hamiltonian
K will also be a function of time

K(X) nmy) ﬂy) t, h) 5) = _HS(X) ﬂmY»“y» t, h) 5)» (6-28)

where the time t is now understood as a third coordinate (in
addition to x and y) and the energy h is the third momentum.
The Hamiltonian equation (6.21) should be complemented by
dh 0K
ds ot
Note that Egs (6.21) and (6.29) have “inverted” signs if t is
treated as a coordinate and h as it conjugate momentum. This,
however, can be easily fixed, if one accepts —h as the momentum
conjugate to t.

(6.29)
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Equations of motion in an accelerator
(Lecture 7)

January 27, 2016

133/460



Lecture outline

We consider several types of magnets used in accelerators and
write down the vector potential of the magnetic field for them. We
then analyze small betatron oscillations in the ring.
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Vector potential for different types of magnets
There are several types of magnets that are used in accelerators
and each of them is characterized by a specific dependence of As
versus x and y. We will use the fact that we are only interested in
fields near the reference orbit, |x|, |y| < |p|. We will be neglecting
higher order terms such as (x/p)? and (y/p)?.
We first consider dipole magnets that are used to bend the orbit.
The dipole magnetic field is:

B =9B(s). (7.1)

The function B(s) is such that it is not zero only inside the
magnet and vanishes outside of it. This field can be represented by
the following vector potential:

po=—6(s)x (1- ) (72)
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Vector potential for different types of magnets

Indeed, using Eq. (6.4)

1 0As(1+ x/p)
1+ x/p 0x

x\ O X X
<o (1-3) 5+ (1-55) (1+3)
x\ O x2

~ B(s) (1_p>ax<x+2p>

2
~ B(s) + O <);2) . (7.3)

B, =

This is an approximation in which we only keep terms to the first
order in |x/p|.

136/460



Vector potential for different types of magnets

The picture of windings of a dipole magnet.
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Vector potential for different types of magnets

The second type is a quadrupole magnet. It is used to focus
off-orbit particles close to the reference orbit. It has the following
magnetic field:

B =G(s)(px +Ry). (7.4)

The picture of a quadrupole magnet and the magnetic field lines.
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Vector potential for different types of magnets

As we will see below from the equations of motion, the quadrupole
magnetic field focuses particles around the equilibrium orbit. The
corresponding vector potential is

As = g (y?—x%) . (7.5)

A skew quadrupole is a normal quadrupole rotated by 45 degrees:
B = Gy(s)(—Py + %), (7.6)
with

As = Ggxy . (7.7)
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Vector potential for different types of magnets
Finally, we will also consider a sextupole magnet. Sextupoles are
used to correct some properties of betatron oscillations of particles
around the reference orbit. This element has a nonlinear
dependence of the magnetic field with transverse coordinates:

1
B = 5()[2 (x2—y?) +Rxy| , (7.8)
with A
ol o 13
A5—5(2xy 6X> (7.9)
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Linearized Hamiltonian
Assume that we have only dipoles and quadrupoles in the ring:

H~—(1+n) < )(1P3P2>6A5<1+X>
Po Y

—(1+4m) ( + )(1—P2—;P3) (7.10)

[“)és 10-3)

X2

e G(s 5
202 pp 2 (y =)
where we use p = p/eB and neglected terms of the third and higher
orders. Assume 11 = 0. We can drop the constant first term (unity) on
the last line of Eq. (7.10), then the Hamiltonian is the sum of two terms
corresponding to vertical and horizontal degrees of freedom:

H=HA+H,, (7.11)

More generally, the motion can be coupled which is more complicated.

z—l—n—ng—k P2+ P2
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Linearized Hamiltonian

with
1 x> e G(s)
=P+ 4+ = 2 7.12
and
1 e G(s)
=_p2_ — =202, 7.1
Hy= 5P Ty (7.13)

The Hamiltonian (7.11) is split into a sum of two
Hamiltonians—the horizontal and vertical motions are decoupled.
The quadrupoles focus or defocus the beam in the transverse
direction: focusing in x (G > 0) results in defocusing in y, and
vice versa. We will show that a sequence of quadrupoles with
alternating polarities confine the beam near the reference orbit. A
particle near the equilibrium orbit executes betatron oscillations.
So does the beam centroid, though dynamics may be different.
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Linearized Hamiltonian

Notice also focusing in the horizontal direction inside dipole
magnets (so-called weak focusing o< 1/p?).

In what follows, to study general properties of the transverse
motion in both transverse planes, we will use a generic Hamiltonian

1
Ho = 5P+

K(s)
2 <

(7.14)

where K = p~2 + eG/2pg for the horizontal, and K = —eG/2py
for the vertical plane.
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Hill's equation

From the Hamiltonian (7.14) we find the following equation of
motion in a transverse plane:

x"(s) + K(s)x(s) =0. (7.15)

In an accelerator ring K (s) is a periodic function of s with a period
that we denote by L (which may be equal to a fraction of the ring
circumference), and Eq. (7.15) is called Hill's equation. It
describes the so called betatron oscillations of a particle in the
ring. Note that the same equation describes the parametric
resonance, with the only difference that we now have s as an
independent variable instead of t. We now know that this equation
can have both stable and unstable solutions. Of course, for storage
and acceleration of beams in an accelerator, one has to design it in
such a way that avoids unstable solutions of Eq. (7.15).
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Betatron function

To understand general properties of the betatron motion in a ring,
we seek a solution to Eq. (7.15) in the following form

x(s) = Aw(s) cos(s), (7.16)

where A is an arbitrary constant, and 1 is called the betatron
phase. It turns out that if a particle's motion is stable, w(s) is a
periodic function of s with the period L. Introducing two unknown
functions w(s) and (s) instead of one function x(s) gives us
freedom to impose a constraint later in the derivation. We have

!

XZ =w'cosp — wip'siny,
"
% =w" cosPp — 2w’ sinp — wih” sinp — wip'? cosp. (7.17)
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Betatron function

Eq. (7.15) now becomes

w” cosp — 2w’ P’ sinp — wip” sinp — wip’? cos P + K(s)w cos
= w" cos —w "% + K(s)w] cosp — Rw'p’ + wip”]sinp =0.
(7.18)

We now use the freedom mentioned above and set to zero both
the term in front of cos{ and the term in front of sin{. This
gives us two equations:

w” — w2 + K(s)w =0
—2wp’ —wyp” =0. (7.19)
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Betatron function
The last equation can be written as

Lpw?)y =o. (7.20)
w
If we introduce the B function as B(s) = w(s)?, then
1
= 7.21
) A0 (7.21)

(we have chosen the constant of integration equal to 1). The first
equation in (7.19) now becomes

" 1

— 5+ Ksw=0, (7.22)

or, in terms of the 3 function,
1 1
SBB” — 7B+ KT =1. (7.23)

This is a nonlinear differential equation of second order. As we pointed
out above, one has to find a periodic solution to this equation.
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Betatron function

There are several techniques and codes to find 3(s) and other
orbit properties for a ring with given magnets. Transfer maps from
element to element are often used as a starting point: there is a
direct relation between a symplectic transfer map and how « and
 change (also phase advance or tune).

Here is the beta function for the High Energy Ring of PEP-II at
SLAC.

100

80 F

m

60 F

20 H

Co P S S b
0 500 1000 1500 2000

s
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Tune

The betatron phase advance of the ring can be found by
integrating Eq. (7.21),

C ds
=] 5 (7:24)

The quantity A /27t is called the tune v (in European literature it
is usually denoted by Q)

1 (€ ds
V_27TJ0 m, (7.25)

it is a fundamental characteristic of the beam dynamics in the ring.
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Action-angle variables for circular machines
(Lecture 8)

January 27, 2016
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Action-angle variables and the Floquet transformation
We start with the Hamiltonian
1 1
H = EPE + 5[’<(S)X2

Previously we found a solution to this equation which we now write
as

= Av/B(s) cosP(s). (8.1)

Differentiating this equation with respect to s we find

2\/6[3,(7 cos\P(s) — /B(s)sinP(s

A B
— S costs) (z—tanw( ))
- % <f5 —tan(s )> (8.2)

x'(s)=Py=A
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Action-angle variables and the Floquet transformation

Typically x and x’ look like functions shown here.

5 e e e P B

)

~ F ) E :
NN = =
X E X f ]
Bt oMy 1YY g (ST i R B PR L

S S

We will now show that transforming to new variables, we can
obtain a much simpler description of the particle motion.
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Action-angle variables and the Floquet transformation

We will obtain the action-angle variables ¢ (coordinate) and J
(momentum) using a generating function of the first kind, (4.22),
F1(x,d,s). Analogous to the canonical transformation for the
linear oscillator we will require that

x(s) = A(J)v/B(s) cos ¢

_x (B
P.(s) = B(s) <2 tan d)> . (8.3)
We have SF SF
_“n Y"1
Px = 0x /= L)

The generating function is

Fi(x,b,s) = J Pydx = ;(; (‘32/ —tan d)) , (8.4)

where for P, we used Eq. (8.3).
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Action-angle variables and the Floquet transformation
With this generating function we find the action

J=—7F=— . 8.5
3% 28 sec” ¢ (8.5)
Using sec® ¢ = 1 + tan® ¢, and the expression for tan ¢ from Eq.
(8.3),

Px
—tan¢ = Bx + o (8.6)
where
_ B
x=-—" (8.7)
we obtain J in terms of x and x’:
1
J= B [x? + (BPx + ox)?] . (8.8)
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Action-angle variables and the Floquet transformation

Equations (8.6) and (8.8) give us the transformation from the old
conjugate variables x and Py to the new ones ¢ and J. The
inverse transformation (¢, J) — (x, Px) can also be found. From
the first of Egs. (8.5) we have

x=+/2pfJcosd. (8.9)

Substituting this relation to the second of Egs. (8.5) we obtain the
equation for Py in terms of J and

P, :—\/%(sind)vLoccosd)) . (8.10)
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Action-angle variables and the Floquet transformation

To find the new Hamiltonian which we denote by 7 we need to
take into account that the generating function depends on the
time-like variable s:

oF;
A=H+
0s
1,1 5, 0 x% [P
_EPX+§K(S)X +$% ? tanc])
_1 ) 1 ) X2 B”B_Blz XZB/
= 2PX+ 2K(s)x + 2 32 + 2p?2 tand. (8.11)
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Action-angle variables and the Floquet transformation
We now use

1 " 1 2 2
SppT— = Kp2=1.
2f5f5 45 + Kp
to eliminate 3" from the equation and Eq. (8.6) to eliminate ¢:
=
1 1 X2 LB +2KB2—2  XPB [ Px’
:7P2 K 2~ 2 o
> X+2 (s)x 2 B 352 \ x + o
1, 1 , & , «
ZEPX—FTBZX —|—27[?)2X +BPXX

1, 1 a \?
—ﬁx +2<PX+BX>
J

(8.12)
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Action-angle variables and the Floquet transformation

Since the new Hamiltonian is independent of ¢ the equation for J
is

_
=90 =
which means that J is an integral of motion. The quantity 2J is

called the Courant-Snyder invariant. The Hamiltonian equation for
b gives

J! 0, (8.13)

M1
T Bls)

¢’ (8.14)

Comparing this equation with Eq. (7.21) we see that the new
variable ¢ is actually the old betatron phase, ¢ =1 + ¢o.
Particles in the beam will have various initial phases ¢.
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Action-angle variables and the Floquet transformation

We “straightened out” the behavior of the new momentum
variable.

0
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Figure : Plots of J and ¢ versus s.
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Action-angle variables and the Floquet transformation
We can go further and “straighten out” the ¢ variable as well. This is
achieved with one more canonical transformation, from ¢ and J to ¢,
and J;. The generating function is of the second type, F>(d, J1,5)

27TVs JS ds’
C o B(s")

where C is the circumference of the ring, and the tune is given by Eq.
(7.25). This function gives for the new angle

F2(¢))J1)5) :Jl ( > +d)./1, (8].5)

oF, 27TVs * ds’
Rt TRt
27vs
=b+—¢ —(s), (8.16)
and the action is not changed
oF,
J_%_Jl' (8.17)
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Action-angle variables and the Floquet transformation
The new Hamiltonian is

oF, 2mv
’IQ1 = ﬁ + K = ?Jl = const. (818)
Now the evolution of the new coordinate ¢7 is governed by the
equation
0H1  2nmv
== =— 8.19
P=%n T (8.19)

which means that ¢ is a linear function of s.

Jy

o 4 M w s o o
R R A
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Action-angle variables and the Floquet transformation

Further comments:

This transformation can be useful when analyzing nonlinear
dynamics in a ring. Note that &1/ # 1/ any more.

We could have chosen instead to change s to phase advance,
through an extended canonical transformation.
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Phase space motion at a given location
Let us assume that we plot the phase space x, P, at some location
s at the ring and follow particle’s motion as it passes through this
location. It is convenient to normalize the coordinate x by the beta
function at this location B(s). A set of consecutive points
Xn/By Px,n, n=1,2..., in the phase space will form particle’s
trajectory. Because we have an integral of motion J, all these
points are located on the curve J = const. From the expression
(8.8) for J it follows that this curve is an ellipse whose size and
orientation depends on the values J, 3, and «.
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Ellipses at different positions in the ring
It is easy to see that the ellipse becomes a circle if &« = 0. In this
case, the trajectory is very simple: each consecutive point of the
circle is rotated by the betatron phase advance Al in the
clockwise direction.
Set of ellipses at another location in the ring will have a different
shapes which are defined by the local values of 3 and «.

Imagine how these ellipses are rotating and changing their shape
when one travels along the ring circumference.
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Dipole field errors and the closed orbit distortion
(Lecture 9)

January 28, 2016
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Lecture outline

The magnetic field in any real machine is different from the ideal
design one. It is important to understand what is the effect of
small magnetic errors on particles’ motion in an accelerator. In this
lecture we consider the effect of the dipole field errors.
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Closed orbit distortion

We consider what happens if a dipole magnetic field is not exactly
equal to the design one. We will see that such errors lead to
changes in the reference orbit in an accelerator.

Let us assume the guiding vertical magnetic field in a circular
accelerator deviates from the design value by AB(s). The
corresponding vector potential, in which we keep only the first
order term [see Eq. (7.2)] is As = —AB(s)x. This vector potential
should be added to the Hamiltonian (7.10); it modifies the motion
in the horizontal plane only. We can write H, as

eAB(s)
X
Po

1 1
H = §P§ + 5K(s)x2 + (9.1)

(we drop the subscript x in what follows).
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Closed orbit distortion

The most direct way to deal with this problem is to write the
equation for x

_eAB(s)
po

A periodic solution, xg(s), to this equation gives a closed orbit
distortion. It satisfies Eq. (9.2),

x" 4+ K(s)x =

(9.2)

AB
X+ K(s)o = — 22518 (9.3)
Po
with the periodicity condition xg(s + C) = xg(s) where C is the

circumference of the ring. A general solution to Eq. (9.2) is
x(s) = xo(s) + &(s), (9-4)

where &(s) satisfies

&' +K(s)E=0. (9.5)
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Closed orbit distortion

The function &(s) describes betatron oscillations around the
perturbed orbit.

Figure : An ideal and distorted orbits, and a betatron oscillation.
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Closed orbit distortion

Let us calculate the orbit distortion xg(s). We first consider the
case of a field perturbation localized at one point:

AB(s) = ABy(s")8(s —s'). (9.6)

Since the right hand side of Eq. (9.3) is equal to zero everywhere
except for the point s = s’, we seek solution in the form of
Eq. (8.1) where we introduce an initial phase g

= A/ B(s) cos(P(s) — o) - (9.7)

Our first requirement is that xp(s) should be continuous at s = s’.
This is achieved if we choose g = P (s’) + 7tv and assume that

P (s) varies from 1|)( ) to P(s ) + 27V When we go around the
orbit. Thus, at s’ we have xqg(s’) = A\/B(s’) cos(—mv). After a
turn around the ring, the argument of the cos function becomes
equal to 71v, and since cos is an even function, xg(s’ + C) = xg(s’).
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Closed orbit distortion
The second requirement is obtained by integrating through the d-function
in Eq. (9.3)—it gives us the jump of the derivative of xg at s’

_eABo(s’)

xg(s") —xg(s"+ C) =
Po

(9.8)

From this equation we find

_ VBS) eABols') 99)

~ 2sin(mv) po

For an arbitrary function B(s) we need to add contributions from all
locations, which means integration over the circumference of the ring:

e s+C , , ,
xals) = ot J ds'AB(s')\/B5)B(57) cos(w(s) — (s”) + mcv).
(9.10)
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Closed orbit distortion

From Eq. (9.10), we see that integer values for the tune v are not
acceptable because they would result in unstable closed orbit.
The action becomes

J(x, Pxys) = 21[3 [(X —x0)* + (BIPx — xg) + alx —xo])ﬂ , (9.11)

and the Hamiltonian again takes the form J/3. This is one of the
homework problems, using the generating function

[x—;;()] (B —tan d)> + xx4(s). (9.12)

2
A crude estimate for xp is

Fl(X,Cb,S) =

0~ oo~ B . (9.13)

Stronger focusing reduces the impact of field errors.
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Effect of energy deviation

If particle’s energy is not exactly equal to the nominal one, its
equilibrium orbit in the horizontal plane changes. It is easy to find
the new orbit corresponding to the energy deviation 1. From the
Hamiltonian (7.10) we see that the extra term due to non
vanishing 1 that involves the coordinate x is —mx/p. Hence
instead of (9.1) one gets

H_1P2+ 1K( )x2 —gx, (9.14)

which is formally obtained from (9.1) by replacing

AB — 1P, (9.15)
ep’
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Effect of energy deviation
Using (9.10) we immediately find that the new orbit is given by
xo(s) = D(s)n, (9.16)
with the function D

s+C /
ots) = ;LB | B

~ 2sin(mv) J p(s’)

cos(P(s) —P(s') —mv).
(9.17)

This function is called the dispersion function of the ring.
Using the expression (9.11) and (9.16) one immediately concludes
that the action variable for a particle with energy deviation 1 is

o, Pyt s) = [ (x DL+ (9.18)
(BPc—nD'(s)] + alx —nD(s)])* |
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Quadrupole errors

Let us now assume that we have a quadrupole error

H= %X’z + %K(s)x2 + %eAK(s)x2, (9.19)
where we introduced a formal smallness parameter €. What kind
of effects does this error have on the motion? Since we know that
the focusing function K(s) determines the betatron oscillations in
the system, changing the focusing would result in a perturbation of
the beta function and hence the tune of the ring.
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Quadrupole errors

Skipping the derivation, | will show the final result.

s+C

B1 = B—_fsj ds'AK(s")B(s") cos 2(—(s) +P(s’) —mrv).
2sin 27ty Jg

The last term is often called the beta beating term.

An important conclusion that follows from the above equation is

that one should avoid half-integer values of the tune—they are

unstable with respect to errors in the focusing strength of the

lattice.
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Third-order resonance

Effect of sextupoles on betatron oscillations. The sextupole vector
potential is given by Eq. (7.9) [see Lecture 7]:

_cofl 2 13
As=S <2xy 6X> . (9.20)

Our goal is to study 1D effects so we neglect the first term in this
equation (assuming y = 0) and use A; = —S(s)x3/6. We need to
add the term —eA/p to the Hamiltonian (7.11)

H = %XQ - %K(s)x2 + %S(S)XE; , (9.21)

where S = eS/p.
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Third-order resonance
We consider a ring with one short sextupole magnet with length

much shorter then the ring circumference C. In this case S(s) can

be approximated by a delta function, 6 = 2nts/C
1 3/2

S(s) = Tod(s — s0), R = F

XRy/ o

-0.8 L
-06 -04 -02

Figure : Phase orbits for the case [v] —1/3 = 0.1. Particle starting from
outside of the traingular-shaped area quickly leave the system.
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Third-order resonance

An example of experimentally
measured third-order resonance
orbits at the IUCF cooler ring.

Pz (mm)

z (mm)

In collider rings, by contrast, beam-beam interactions tend to be a
bigger concern than field errors or nonlinearities.
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Resonance overlapping and dynamic aperture
(Lecture 10)

January 28, 2016
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Lecture outline

Linear Hamiltonian in accelerators is integrable, and the motion is
regular. What is the effect of nonlinear terms in the Hamiltonian?
They lead to many nonlinear resonances in the motion and may
result in stochastic motion of the particles. We will consider a
simple model, a so called standard map, which illustrates
qualitative features of what can occur in a system with many
resonances.
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Standard map and resonance overlapping
We start from the following Hamiltonian

1 -

H(I,0,t) = 5/2+Kzs(t) cos 9, (10.1)
where K is a parameter, 5(t) = Y o2 8(t+ n) is the periodic &
function that describes unit kicks repeating with the unit period. Here /
is the action variable, and 0 as the angle. Compare with (9.21). Both /
and O are dimensionless. The equations of motion are

. oH TP . OH

/:—%:Ké(t)sme, GZW:/. (102)
[need a plot] If /, and 0, are the values at t = n — 0 (before the
delta-function kick), then integrating the first of Eqgs. (10.2) from
t=n—0to t =n+0 (through the delta-function kick) gives
Int1 = I, + Ksin8,, which is conserved over the interval from t = n+0
to t = (n+ 1) — 0 (where there are no kicks). Integrating the second
equation in (10.2) from t =n+0to t = (n+ 1) — 0 and remembering
that the action here is already equal to /.1 gives 0,.1 =0, + I, 1.
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Standard map and resonance overlapping

Hence we arrive at the following transformation action-angle
variables which links their values at time t = n to the values at
time t=n+1:

Int1 =1, + Ksin9,
9n+1 - 9,, + /n+1 . (].03)

This transformation is called the standard map or Chirikov map".

1One can also find in the literature a definition of the standard map which
differs from Egs. (10.3) by numerical factors.
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Standard map and resonance overlapping
The periodic delta-function in (10.1) can be expanded into the
Fourier series

5(t) =1 +2icos(27{nt). (10.4)

n=1

Substituting this representation into the Hamiltonian Eq. (10.1) we
can rewrite the latter in the following form

1, —
H= 5/ + K Z cos(0 — 27tnt) (10.5)

n=—oo

(we used 2 cos(0) cos(27tnt) = cos(0 — 27mtnt) + cos(0 + 27mnt))).
From this Hamiltonian we see that the system is a pendulum (the
term n =0 in the sum) driven by periodic perturbations with
frequencies equal to 27tn (terms with n # 0).
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Standard map and resonance overlapping
Selecting only one term in this sum would give us

H = %/2 + K cos(8 — 2mtnt) . (10.6)
We can make a canonical transformation /,0 — J, ¢ with
J=1—-2mnn, b =06—2mnnt. (10.7)
The new Hamiltonian for these variables is
H = %Jz + K cos ¢ + const . (10.8)

One can see that Eq. (10.8) is the pendulum Hamiltonian with the
phase space shown on the next slide. The width of the separatrix is
equal J = 4+2v/K. In variable /, this phase space is shifted by 27tn
units upward.
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Standard map and resonance overlapping

Trying to understand what is the overall structure of the phase
space of the original Hamiltonian, we can naively superimpose
phase portraits for Hamiltonians (10.8) with various values of n.
The width of each resonance is equal to 4V/K .

»)—""’*(@ S —

=2

L 1 1

-1 -0.5 0 0.5 1
0/2n

Of course, superimposing phase
spaces is not a legitimate way of
analysis (which is especially clear
in the case when the separatrices
of neighboring resonances overlap,
see below).

186/460



Standard map and resonance overlapping

As long as the distance between the islands is much larger than the
width of the separatrix, to a good approximation, resonances with
different values of n can be considered separately. When the value
of K increases the resonances begin to overlap and the dynamics
becomes complicated.

Formally, overlapping occurs for K > m? /4. Simulations show,
when K increases, there is a gradual transition from a regular
motion to a fully stochastic regime. Qualitatively, the transition
occurs at

K~1. (10.9)

This is often called the Chirikov criterion of overlapping resonances.
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Standard map and resonance overlapping

K=0.1 K=0.25

|

o® M 4 o = N ®
1

O v 4 o a4 v

theta theta
K=1 K=3

1
ST T - B S

E<JaN . 2.
0 2 4 2 4 6
theta theta

Chat
o

Figure : Computer simulations for the standard map for four different
values of the parameter K, K = 0.1,0.25,1, 3 from left to right and from
top to bottom.
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Standard map and resonance overlapping
What happens in the regime of developed stochasticity, when
K> 17
After each kick the particle loses its memory about the previous
phase, and the consecutive kicks can be considered as
uncorrelated. The motion along the action axis / becomes random.
We have from Eq. (10.3) the change of the action Al, = K'sin0,,.
In the limit of large K the phase values become random and
uncorrelated with each other. Taking square of Al, and averaging
over the random phase 6, gives

1
(AI?) = 5Kz. (10.10)
If we plot the dependence /? versus the number of iterations N, we
expect from Eq. (10.10)

1
1?2 ~ EK2/\/. (10.11)
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Standard map and resonance overlapping
A more detailed theory shows that Eq. (10.11) gives only the
leading term for the diffusion process—there are notable
corrections in this equation if K is not very large. In Figure below
we confirm Eq. (10.11) by direct numerical simulation for
K = 8.41 [Higher order corrections vanish for the value K = 8.41].
The straight line is the theoretical expectation given by
Eq. (10.11).

10000 -

12

5000 -

. . . d
0 100 200 300 400
Steps
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Dynamic aperture in accelerators

A modern circular accelerators nonlinear components of the
magnetic field of those magnets, as well as errors in manufacturing
and installation of the magnets lead to many resonances in the
machine. In a typical situation, the nonlinear fields make the phase
space at some distance from the reference orbit more prone to
stochastic motion, and result in the situation when only particles in
a region near the reference orbit are properly confined. This region
is called the dynamic aperture of the machine. It is computed with
the help of accelerator codes by launching particles at various
locations away from the reference orbit and tracking their motion.
An example of calculation of the dynamic aperture for the light
source SPEARS3 at SLAC is shown in Figure below.

191/460



Dynamic aperture in accelerators

2.0 T T T

15 T

1.0

Initial Y-amplitude (cm)

-4 -2 (/] 2 4
Initial X—amplitude (cm)

Figure : Dynamic aperture for the SPEAR3 light source at SLAC.
Different curves correspond to 6 seeds of machine errors. The solid lines
are for the nominal energy beam and the dashed ones are for the 3%

energy deviation.
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The kinetic equation
(Lecture 11)
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Lecture outline

In the preceding lectures we focused our attention on a single
particle motion. In this lecture, we will introduce formalism for
treating an ensemble of particles circulating in an accelerator ring.
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Distribution function in phase space and kinetic equation

We start from considering a simple case of one degree of freedom
with the canonically conjugate variables g and p.

A large ensemble of particles (think about a particle beam) with
each particle having various values of g and p constitutes a
“cloud” in the phase space.
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Distribution function in phase space and kinetic equation

Let us consider an infinitesimally small region in phase space

dg x dp and let the number of particles of the beam at time t in
this. Mathematically infinitesimal phase element should be
physically large enough to include many particles, dN > 1. We
define the distribution function of the beam f(q, p, t) such that

dN(t) = f(q,p,t)dpdq. (11.1)

We can say that the distribution function gives the density of
particles in the phase space.
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Distribution function in phase space and kinetic equation

Particles travel from one place in the phase space to another, and
the distribution function evolves with time. Our goal is to derive a
kinetic equation that governs this evolution. In this derivation, we
will assume that particles’ motion is Hamiltonian.

Consider an infinitesimally small region of the phase space.

p

p+dp
P

g g+dq q
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Distribution function in phase space and kinetic equation

The number of particles in this region at time t is given by

Eq. (11.1). At time t + dt this number will change because of the
flow of particles through the boundaries. Due to the flow in the
g-direction the number of particles that flow in through the left
boundary is

f(g,p,t) x dpglq,p,t) x dt (11.2)

and the number of particles that flow out through the right
boundary is

f(q+dq,p,t) x dpq(q+ dq,p, t) x dt. (11.3)
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Distribution function in phase space and kinetic equation
Similarly, the number of particles which flow in through the lower
horizontal boundary is

f(q,p,t) x dgp(q,p,t) x dt (11.4)

and the number of particles that flow out through the upper
horizontal boundary is

f(g,p+dp,t) x dgp(q,p+ dp,t) x dt. (11.5)
The number of particles in the volume dg x dp is now changed
dN(t+ dt) — dN(t)
= f(q,p,t +dt) — f(q, p, t)ldpdq
f(q,p,t)dpqlq, p, t)dt — f(q + dq, p, t)dp 4(q + dq, p, t)dt
f(

q, p, t)dq p(q, p, t)dt — f(q, p + dp, t)dq p(q, p + dp, t)dt.
(11.6)

_l’_
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Distribution function in phase space and kinetic equation

Dividing this equation by dp dq dt and expanding in Taylor's series
(keeping only linear terms in dp, dq, dt) gives the following
equation

of D . d .
FTRET [4(q, p, )] + » [6(q, p, t)f] =0 (11.7)

What we derived is the continuity equation for the function f.
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Incompressible Hamiltonian flow

Due to the Hamiltonian nature of the flow in the phase space a
medium represented by a distribution function f in incompressible.
This follows from the Liouville theorem. Indeed, according to this
theorem the volume of a space phase element does not change in
Hamiltonian motion. Since the value of f is the number of
particles in this volume, and this number is conserved, f within a
moving elementary volume is also conserved. The density at a
given point of the phase space g, p however changes because other
liquid elements arrive at this point at a later time.
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Distribution function in phase space and kinetic equation

Mathematically, the fact of incompressibility is reflected in the
following transformation of the continuity equation (11.7). Let us
take into account the Hamiltonian equations for g and p:

d 9 0H 0 dH d
aqq(q,p, ) 3995 — 9504 app(q, pyt), (11.8)

which allows to rewrite Eq. (11.7) as follows

f OHOf OHOf
of  OHOof _QHOf (11.9)

7&+aqap op 0q
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Distribution function in phase space and kinetic equation

In accelerator physics this equation is often called the Vliasov
equation. It is a partial differential equation which is not easy to
solve in most of the cases. It is however extremely useful for
studying many effects in accelerators that involve interaction
between the particles of the beam.
Note, that using the formalism of Poisson brackets, we can also
write the Vlasov equation as

of

3¢ T HI=0. (11.10)

See (3.31). This means that

df
E_O
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Distribution function in phase space and kinetic equation

In case of n degrees of freedom, with the canonical variables g; and
pi, n=1,2,...,n, the distribution function f is defined as a
density in 2n-dimensional phase space and depends on all these
variables, f(qg1,...,p1,...,t). The Vlasov equation takes the form

of <« (Of OH Of OH
— — — —— ) =0. 11.11
ot +Z (api dg; 0g; api) 0 ( )

i=1

Sometimes it is more convenient to normalize f by N, then the
integral of f over the phase space is equal to one.
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Integration of the kinetic equation along trajectories

We have stated above that the distribution function is constant
within a moving infinitesimal element of phase space “liquid”. We
will now prove it.

Consider a trajectory in the phase space, and calculate the
difference of f at two close points on this trajectory.

t

g+dq,p+dp,t+dt

/7
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Integration of the kinetic equation along trajectories

We have

df = f(q+dq,p+dp,t+dt)—f(q,p,t)
of of

of
= —dt+—dq+ —dp. 11.12
2ttt 5%t 5,9P ( )

Remember that the two points are on the same trajectory, hence,
dq = gdt = 0H/0p dt and dp = pdt = —0H/dq dt. We find

of OH of OH of
df = —dt — ——dt+ ——dt =0. 11.1
ot dq dp + dop dq 0 ( 3)

On the last step we invoked Eq. (11.9). We proved that the
function f is constant along the trajectories.
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Integration of the kinetic equation along trajectories

The above statement opens up a way to find solutions of the
Vlasov equation if the phase space orbits are known. Let

q(qo, po, t) and p(qo, po, t) be solutions of the Hamiltonian
equations of motion with initial values qg and pg at t =0, and
F(qo, po) be the initial distribution function at t = 0. Then the
solution of the Vlasov equation is given by the following equations

f(q)p) t) = F(CIO(CI» Py t)aPO(CI)P» t))) (1114)

where the functions qo(q, p, t) and po(q, p, t) are obtained as
inverse functions from equations

q9=q(qo,po,t),  p=p(qo,po,t). (11.15)
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Steady state solutions of the kinetic equation

One of the powerful methods of solving the Vlasov equation is
based on a judicious choice of canonical variables.

Let us use canonical variables J and ¢. Then our kinetic equation
is

of  ORdf ARf
ds 0dJ0od odpoJ
of Ol of
—t —— = 11.1
0s * 0J 09 0 ( 6)
We see from this equation that any function f that depends only
on J satisfies the equation 0f/0s = 0, and hence is a steady state

solution.
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Steady state solutions of the kinetic equation

The particular dependence f(J) is determined by various other
processes in the ring. In many cases, a negative exponential
dependence f versus J is a good approximation

f = const e /€ = const exp <—

[x* + (Bx" + ocx)2}> .
(11.17)

PART

The quantity €g is called the beam emittance. It is an important
characteristic of the beam quality.
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Phase mixing and decoherence

Consider an ensemble of linear oscillators with the frequency w,
whose motion is described by the Hamiltonian

2 2
Hix,p) = & + 02X . (11.18)
2 2
The distribution function f(x, p, t) for these oscillators satisfy the

Vlasov equation
of 5 Of of

WX —F+p— =

ot op " Pox
We can easily solve this equation. The trajectory of an oscillator
with the initial coordinate xg and momentum pyq is

0. (11.19)

0 .
x:xocoswt+p—5|nwt
w

p = —Wxp sin Wt + pg cos wt . (11.20)
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Phase mixing and decoherence

Inverting these equations, we find

Xg = X COs Wt — Bsin wt
w
Po = wxsin wt + pcos wt. (11.21)

If F(x,p) is the initial distribution function at t = 0, then,
according to Eq. (11.14) we have

fix,p,t) = F <xcos wt — % sin wt, wx sin wt + pcoswt) .
(11.22)
This solution describes rotation of the initial distribution function
in the phase space. An initially offset distribution function results

in collective oscillations of the ensemble with the betatron period.
A mismatched distribution oscillates at half the betatron period.
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Phase mixing and decoherence

A more interesting situation occurs if there is a frequency spread in
the ensemble. Let us assume that each oscillator is characterized
by some parameter & (that does not change with time), and w is a
function of 6, w(d).

p2 X2

We then have to add 6 to the list of the arguments of f and F,
and Eq. (11.22) becomes

f(x,p,t,0) = F<xcosw(6)t— sin w(8)t,

p
w(8)
w(d)xsinw(d)t + pcosw(d)t, 6) . (11.24)
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Phase mixing and decoherence

To find the distribution of oscillators over x and p only one has to
integrate f over 6
o0

F(x, py t) :J ds f(x,p, t,0). (11.25)

—00

The behavior of the integrated function  is different from the case
of constant w at large times, even if the spread in frequencies Aw
is small. For t 2 1/Aw the oscillators smear out over the phase.
This effect is called the phase mixing and it results in decoherence
of collective oscillations of the ensemble of oscillators.
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Phase mixing and decoherence
In the limit t — oo an initial distribution approaches a steady state
which does not depend on time. We can find it using the
action-angle variables.

H(J,8) = w(8)J (11.26)
with
1
J= o (P* + w(8)*x?) . (11.27)

The Vlasov equation in J — ¢ coordinates is

o OHIF _df | oOF

ot  0Jodp ot o0p
In steady state 0f /0t = 0, hence f only depends on J. This
distribution should be fuq(J) = (1/27) [ dd (b, J, t = 0), which
is an orbit integral.

+ w(8) 0. (11.28)
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Damped Systems

We begin considering damped systems by returning to the simple
example of a simple harmonic oscillator with damping as in
Eq. (2.3):

d?x dx

R s wix =0 (11.29)

We keep as a Lagrangian

1 1
L(x, %, t) = =x* — ~w3x?, (11.30)
2 2
so that
oL oL .
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Modified Hamiltonian equations for damping
Now we have to correct the previous equation for the Lagrangian to

oL doL_ . o _ . 11.32
ox  drox | LoXTYX (11.32)

where the RHS used to be 0.
The Hamiltonian momentum is still p = 0L/0x = x, and

1 1
H=px—L= §p2+§ngz (11.33)

The new equations of motion are

dx OoH

&9 11.34
dt 0p P ( )
d oH

P T = —wix—yp (11.35)

dt ox
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Modified Hamiltonian equations for damping

From this we can deduce that there is a new contribution to the
evolution of the Hamiltonian,

dH OH  dpdH  dxdH
9 ot Tdrop Tarox P (11.36)

For v <« wy, the average value of this change in Hamiltonian is
approximately

<‘C’1’;’> = —y(p?) ~ —yH (11.37)
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Generalized damping

For more general analysis of damping, go straight to a modified
Lagrangian equation, where

=7 (11.38)

The definition of conjugate momentum p = 0L/04g is unchanged,
and the Hamiltonian is still H = pg — L, but the equations of
motion are now

dH oH

] = y=——+T 11.39
Now, we see that
99, 9p _ O (11.40)
0g Op Op
rather than the RHS being 0 as before. This finally gives us
dH oH
—=I— 11.41
dt op ( )
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Distribution function with damping
The calculation of the total derivative of a distribution function for
a damped system works almost the same way as that for dH/dft,
except that integrating by parts gives an even simpler result:

df or

— =——f. 11.42
dt op ( )
If ' = —yp, where y is independent of p, then
df
— =f. 11.43
= ( )
In terms of either beam emittance or the action of an orbit,
de or
— =( — ~ —yE. 11.44
o <ap> e~ —ye (11.44)

In order for the final approximation to be accurate, the damping
should be weak compared to the oscillation frequency, or y should
be nearly uniform in the relevant region of phase space.
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A brief look at diffusion

We can start with the usual definition of spatial diffusion and
generalize it to phase space density:

of 0 of 02f
As a result,
do?
X =2D 11.46
p ( )

We can replace x with momentum p or energy E, depending on
the source of diffusion. This is usually some kind of scattering
process. For scattering that acts directly on the particle energy, the
longitudinal emittance (which loosely scales as o0g0:) will evolve
according to

& € dcrf:- _ De
dt 202 dt 202

€7 (11.47)
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Primer in Special Relativity
and Electromagnetic Equations
(Lecture 13)

January 29, 2016
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Lecture outline

We will review the relativistic transformation for time-space
coordinates, frequency, and electromagnetic field.
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Maxwell's equations

Classical electrodynamics in vacuum is governed by the Maxwell
equations. In the Sl system of units, the equations are

V-D=p
V-B=0
0B
E=—""
V x 3
oD

where p is the charge density, j is the current density, with

D = egE, H = B/uy. B is called the magnetic induction, and H is
called the magnetic field.

The equations are linear: the sum of two solutions, E1, B1 and E»,
B>, is also a solution corresponding to the sum of densities

P1+ P2, j1 + 2
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Point charge

For a point charge moving along a trajectory r = ro(t),
p(ryt) =qd(r—ro(t)),  jlr,t) =qv(t)d(r—ro(t)), (13.2)

with v(t) = drg(t)/dt.

Proper boundary conditions should be specified in each particular
case. On a surface of a good conducting metal the boundary
condition requires that the tangential component of the electric
field is equal to zero, E;|s = 0.
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S| units

We will use the S| system of units (sometimes energy in eV).

To convert an equation written in Sl variables to the corresponding
equation in Gaussian variables, replace according to the following
table (from Jackson's book):

Quantity Sl Gaussian
Velocity of light (noeo) Y2 | ¢
Electric field, potential | E, ¢ \/f?e(), \/f;?o
Charge density, current | g, p, j g\/Ameg, p/Ame, j\/ATeEg
Magnetic induction B B\/®2
We introduce the vacuum impedance Zy,
Zo = ? ~ 377 Ohm. (13.3)
0

In CGS units Zy = 47t/c.
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Wave equations

In free space with no charges and currents field components satisfy
the wave equation

1 9%f  92f 9% 0%
S —o. (13.4)

c20t2  dx2 0y? 0z?

A particular solution of this equation is a sinusoidal wave
characterized by frequency w and wave number k and propagating
in the direction of unit vector n:

f=Asin(wt—kn-r), (13.5)

where A is a constant and w = ck.

226/460



Vector and scalar potentials

It is often convenient to express the fields in terms of the vector
potential A and the scalar potential ¢:

0A

B=VxA (13.6)
Substituting these equations into Maxwell's equations, we find that

the second and the third equations are satisfied identically. We
only need to take care of the first and the fourth equations.
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Energy balance and the Poynting theorem

The electromagnetic field has an energy and momentum associated
with it. The energy density of the field (energy per unit volume) is

1
UZE(E.DJFH.B):%(E%CZB%. (13.7)
The Poynting vector
S=ExH (13.8)

gives the energy flow (energy per unit area per unit time) in the
electromagnetic field.
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Energy balance and the Poynting theorem

Consider charges that move inside a
volume V enclosed by a surface A.
The Poynting theorem states

EJ udV:—J j~EdV—J n-SdA,
ot Jy v A
(13.9)

where n is the unit vector normal to
the surface and directed outward.

The LHS of this equation is the rate of change of the electromagnetic
energy. The first term on the right hand side is the work done by the
electric field. The second term describes the electromagnetic energy flow
from the volume through the enclosing surface.
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Photons

The quantum view on the radiation is that the electromagnetic
field is represented by photons. Each photon carries the energy hw
and the momentum hk, where the vector k is the wave number
which points to the direction of propagation of the radiation,
H=1.05-103* J-sec is the Planck constant divided by 27, and
k=w/c.
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Lorentz transformation and matrices

Consider two coordinate systems, K
and K’. The system K’ is moving
with velocity v in the z direction rel-
ative to the system K. The coordi-
nates of an event in both systems are
related by the Lorentz transformation

X = X/) Yy = y/>

z=v(z' +Bct’),

t=vy(t'+Bz'/c), (13.10)
where B =v/c, and y =1/4/1— B2
The vector (ct,r) = (ct,x,y,z) is called a 4-vector, and the above

transformation is valid for any 4-vector quantity.
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Lorentz transformation and matrices

We will often deal with ultrarelativistic particles, which means that
v > 1. In this limit, a useful approximation is

1 1
=4/l—-—S=1——. 13.11

The Lorentz transformation (13.10) can also be written in the
matrix notation

X 10 0 X x’
y 01 0 0 y' y'
z 00 v cPy 8 It N (13.12)
t 00 BY v t' t!
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Lorentz transformation and matrices

The advantage of using matrices is
that they can be consecutively ap-
plied in several steps. Here is an ex-
ample: we want to generate a matrix
which corresponds to a moving coor-
dinate system along the x axis.

233/460



Lorentz transformation and matrices

Let us rotate K’ system by 90 degrees around the y axis, in such a way
that the new x axis is equal to the old z. The rotated frame is denoted
by K" and the

y yu ym
X" N
—>V —»V 1
Mrot L M rot
B> ) B ) —
/ X Z z

I

]

z z
coordinate transformation from K’ to K" is given by x” = —z’,
z"" = x', or in matrix notation
00 -1 0
01 0 O
Mrot - 10 0 0 (1313)
00 0 1
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Lorentz transformation and matrices

A new frame K’ is moving along along the z” axis and we then
use the Lorentz transformation L to transform from K” to K",
Finally, we transform from K’ to the lab frame K using the

matrix I\/I;)%. The sequence of these transformations is given by the

product
Yy 0 0 vpc
(M) LMo ={ o o5 o (13.14)
YR/c 0 0 vy

This result, of course, can be easily obtained directly from the
original transformation by exchanging x < z.
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Lorentz contraction and time dilation

Two events occurring in the moving frame at the same point and
separated by the time interval At’ will be measured by the lab
observes as separated by At,

At =yAt'. (13.15)

This is the effect of relativistic time dilation.
An object of length /” aligned in the moving frame with the z’ axis
will have the length [ in the lab frame:

l/

v

/ (13.16)

This is the effect of relativistic contraction. The length in the
direction transverse to the motion is not changed.
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Doppler effect

Consider a wave propagating in a moving frame K'. It has the
time-space dependence:

o cos(w't" — k'r'), (13.17)

where w’ is the frequency and k' is the wavenumber of the wave
in the moving frame. What kind of time-space dependence an
observer in the frame K would see? We need to make a Lorentz
transformation of coordinates and time to get

cos(w’t’ — k'r")
= cos(w'y(t — Bz/c) — k'x — k,"y — k;"y(z — Bct))

=cos(y(w'+ k,'Be)t — k/'x — k,'y —y(k, + w'B/c)z).
(13.18)
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Doppler effect

We see that in the K frame this process is also a wave
x cos(wt — kr), (13.19)

with the frequency and wavenumber

ke = k'

ky =k',

ke =v(k'+Bw’/c),

w=vy(w'+ pck,’). (13.20)

The object (w, ck) is a 4-vector.

The result w =y(w’ + k,'Bc) matches E =y(E' + p,'Bc), and
similarly for k, and p,.
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Doppler effect

The above transformation is valid for any type of waves
(electromagnetic, acoustic, plasma waves, etc.) Now let us apply it
to electromagnetic waves in vacuum. For those waves we know
that

w=ck. (13.21)

Assume that an electromagnetic wave propagates at angle 0/ in
the frame K’

k
cosf’ = k—zl, (13.22)

and has a frequency w’ in that frame. What is the angle 0 and the
frequency w of this wave in the lab frame?
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Doppler effect

We can always choose the coordinate system such that
k = (0, ky, k), then

tan = b sin 0’ (13.23)
n = — = . .
T e T Yk pw’/c)  y(cos®' + B)

In the limit v > 1 almost all angles 8’ (except for those very close
to 71) are transformed to angles © ~ 1/y. This explains why
radiation of an ultrarelativistic beams goes mostly in the forward
direction, within an angle of the order of 1/y.
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Doppler effect
For the frequency, a convenient formula relates w with w’ and ©
(not ©'). To derive it, we use first the inverse Lorentz
transformation

w’ =vy(w — Bck,) =vy(w — Bckcos0), (13.24)
which gives
w/
= — . 13.25
@ Y(1 — P cosB) ( )

Using p ~ 1 —1/2y? and cos® = 1 — 02/2, we obtain

/

2yw

= 13.2
@ 1+ 202 (13.26)

The radiation in the forward direction (6 = 0) gets a factor 2y in
the frequency.
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Lorentz transformation of fields

The electromagnetic field is transformed from K’ to K according
to following equations

E,=E], El:'}/(Ei—VXB/),
1
B, =B], Bl:y<B’L+C2vx E’> , (13.27)

where E' and B/ are the components of the electric and

magnetic fields perpendicular to the velocity v: E’ = (E,, E,),
B’ = (Bx, By).
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Lorentz transformation of fields

The electromagnetic potentials (¢p/c, A) are transformed exactly
as the 4-vector (ct, r):

A=A,
A, = AL,
Vo
AZZY(A;_’_?(I)) )
b =v(¢'+ vA)), (13.28)
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Lorentz transformation and photons

It is often convenient, even in classical electrodynamics, to
consider electromagnetic radiation as a collection of photons. How
do we transform photon properties from K’ to K? The answer is
simple: the wavevector k and the frequency of each photon w is
transformed as described above. The number of photons is a
relativistic invariant—it is the same in all frames.
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Selected electrostatic problems
(Lecture 14)

February 1, 2016
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Lecture outline

In this lecture, we demonstrate how to solve several electrostatic
problems related to calculation of the fields generated by beams of
charged particles in an accelerator.
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Electric field of a 3D Gaussian distribution

A bunch of charged particles in accelerator physics is often
represented as having a Gaussian distribution function in all three
directions so that the charge density p is

Q —x2/202—y? /20222 /202
p(x,y,2) —me Y ) (14.1)

where oy, 0y, and 0, are the rms bunch lengths in the
corresponding directions. What is the electric field of such bunch?
This is a purely electrostatic problem.

Due to the Lorentz transformations the bunch length in the beam
frame is y times longer than in the lab frame, 0, beam = Y0 lab-
We assume that this factor is already taken into account and o in
(14.1) is bunch length in the beam frame.
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Electric field of a 3D Gaussian distribution
The electrostatic potential ¢ satisfies the Poisson equation

V2 =2, (14.2)
€0

whose solution can be written as
1 J p(x'sy’sz"dx'dy’dz’
[(x —x’

~ 4meg Pty —y P+ z=2PI
(14.3)

d(x,y,2)

It is not easy to carry out a three-dimensional integration in this
equation. A trick that simplifies it and reduces to a
one-dimensional integral is to use the following identity

L \/EJ e NR2g) (14.4)
R T Jo
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Electric field of a 3D Gaussian distribution

Assuming that R = [(x —x")2 + (y — y')? + (z — z")?]*/? and
replacing 1/R in Eq. (14.3) with Eq. (14.4) we first arrive at the
four-dimensional integral

o= \FJ ‘”‘J Nl Pty P (2222
4mteq V 7 Jg

x p(x'yy’ z")dx dy’dz" . (14.5)

With the Gaussian distribution (14.1) the integration over x’, y’
and z’ can now be easily carried out, e.g.,

/2 /. ><2 2
= —IN(x—x")? [T2a2 dx’ = i 72(?\26):2<+1] 14.6
e € X € ) ( : )
—00 \/ A2 + 0';2

249/460



Electric field of a 3D Gaussian distribution

which gives for the potential

x2A2 _ }’2?\2 2272

1 2 0o eime 2(7\26§/+1] T 2(A202+1)
=3 \f ; J " '
(14.7)

This integral is much easier to evaluate numerically, and it is often
used in numerical simulations of the field of charged bunches.
There are various useful limiting cases of this expression, such as
ox = 0, (axisymmetric beam) or oy, 0, < 0, (a long, thin beam)
that can be analyzed.
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Electric field of a 3D Gaussian distribution
Having found the potential in the beam frame, it is now easy to
transform it to the laboratory frame using the Lorentz
transformation. First we have to recall that o, is the bunch length
in the beam frame equal to Y0, 1ab. Second, from the Lorentz
transformations we see that the potential in the lab frame is vy
times larger than in the beam frame (note that A, = 0). Third, we
need to transform the coordinates x, y, z to the lab frame. The x
and y coordinates are not transformed however z should be
replaced by Y(zjap — Vtiap). The resulting expression is (we drop all
“lab” subscripts in what follows)

o L \/5 Q J"" dA
4meo ¥ m0x0y0z Jo (N2 0,7\ [N + 0, 2V/N 1y 20n?

R R U
% e 2()\25)2<+1)e 2(7\20}2,+1)e 2(A2024y—2) . (148)
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Electric field of a 3D Gaussian distribution

In addition to the electrostatic potential, in the lab frame there is
also a vector potential A, responsible for the magnetic field of the
moving bunch. It is equal to A, = v /c? with ¢ given by (14.8).
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Electric field of a continuous beam in a pipe

A continuous beam propagating inside a metallic pipe generates
electric and magnetic fields. In many applications it is important
to know these fields as a function of the beam position inside the
pipe. We assume that the beam propagates parallel to the axis of
a cylindrical pipe of a given cross section. The electrostatic
potential ¢ is a function of the transverse coordinates x and y.
We consider the beam as infinitely thin charged wire located at
position x = xg and y = yg. Then the problem of finding the
electrostatic potential reduces to the solution of

V2 — —is(x — )8y — o), (14.9)

where Q is the charge per unit length of the beam. This equation
is to be solved with the boundary condition ¢ = 0 at the surface of
the pipe.
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Electric field of a continuous beam in a pipe

In cylindrical coordinate system r, 0

10 9 10°%
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Electric field of a continuous beam in a pipe

In the simplest case of a beam located at the center of a round
pipe of radius a (xp = yo = 0), the solution is easily found in
cylindrical coordinates

¢=-— 9 In (5) , (14.11)

27e a

with the field E, = Q/2meor.

What if the beam is not at the center of the round pipe? There is
also an analytical solution in this case. A compact form of this
solution is given as a real part of the complex function

alz — zp)
Reln ——— 14.12
27‘[60 em a2 — pv4s) ’ ( )

6=
where z = x 4 iy and zg = xp + iyg.
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Electric field of a continuous beam in a pipe

If the beam is propagating in a pipe with a rectangular cross
section 0 < x < a3, 0 < y < b, the potential is given by the
following expressions

2Q & 1 _ kn(b—yo) . kmy
bo=— — 5 sinh sinh
TtEQ k=1 k sinh 2
. kmxg . kmx
X sin sin—, for y < yo
a a
2Q & 1 k(b — k
bo = —Q —p S 4l y) sinh 70
T€o 4= ksinh w2 a a
k k
x sin 220 i ?, for y > yo. (14.13)
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Electric field of a continuous beam in a pipe

Equipotential lines for a round and rectangular pipes.
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Electric field of a continuous beam in a pipe

The approximation of an infinitely thin beam is useful for
evaluation of the potential outside of the beam. However it cannot
be used directly to calculate the potential between the center of
the beam and the wall.

Let us consider the case of an axisymmetric Gaussian beam at the
center of the round pipe with the charge density given by

Q2,2
p(r) = g2 ri/20% (14.14)

with 0 < a. In the infinitely thin beam approximation, the
potential is given by Eq. (14.11). This expression is valid for
r > o; for r =0 it gives an infinite value. To find the potential for
a Gaussian beam we need to solve

1d dp Q o 12207

_—— = —
rdr dr 2m02€q

(14.15)
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Electric field of a continuous beam in a pipe

The solution of this equation that has a finite electric field on the
axis and satisfies the boundary condition at the wall is

Q r dr' (efrﬂ/z(# _ 1) _ (14.16)

N 27‘[60 r r’

In the limit r > o we recover Eq. (14.11). The potential
difference between the center of the beam and the wall is

d(r=0) Q r dr’ (e—”2/2“2 - 1) . (14.17)

© 2meq Jo !
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Electric field near metallic edges and protrusions

The electric field has a tendency to concentrate near sharp metallic
edges and thin conducting protrusions. We illustrate this effect on
several solvable problems of electrostatics.

The first problem is the field of a charged metallic ellipsoid.
Assume that the shape of the ellipsoid is given by the following
equation

X2 y2 22

S tEta=1 (14.18)

where a, b and c are the half axes of the ellipsoid in the
corresponding directions. The charge of the ellipsoid is equal to Q.
This charge will be distributed on the surface of the solenoid so
that the electrostatic potential ¢ is constant on the surface.
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Electric field near metallic edges and protrusions

We will give here a solution of this problem without derivation. Let
us assume that a > b > ¢ > 0. We introduce a function A(x, y, z)
that is defined as a positive solution of the following equation

x2 y2 72

P, N < N S

1. (14.19)

The value A = 0 corresponds to the surface of the ellipsoid.
Then the potential ¢ outside of the ellipsoid charged with the
charge Q is given by the following integral

_ Q™ d&
Porz)=5 L(x,y,z) J@romroey M
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Electric field near metallic edges and protrusions

In the case of an elongated axisymmetric ellipsoid (b = ¢) the
integration can be done in elementary functions with the result

d(x,y,z) = Q In b2+ A
NI TVZ R VRN VR B

(14.21)

, Field lines of an ellipsoid
~— witha=4and b=10.5in
—— the plane z = 0. One can

— see that the field is inten-
i sified near the ends of the
® ellipsoid.
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Electric field near metallic edges and protrusions

Distribution of the electric field on the surface of the ellipsoid.
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Electric field near metallic edges and protrusions

Figure : Ellipsoidal protrusion. Figure : Contour plot of the
potential around protruding
ellipsoidal shape.
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Electric field near metallic edges and protrusions
Amplification of the field near sharp edges is most clearly visible in
2D solutions of the Laplace equation near such edges. Consider
the following problem: find the potential ¢(r,0) in cylindrical
coordinates that satisfies the equation V2 = 0 in the region
0 < 0 < o with the boundary condition  =0at 8 =0 and 6 = «.

y

Figure : Coordinate system near an edge.
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Electric field near metallic edges and protrusions
We have

10 ¢ 19%

——— =0. 14.22
rarrar +r2 002 0 ( )

It is easy to see that this equation is satisfied by ¢& = r"sin(n6) for
arbitrary n. To satisfy the boundary condition, we require
sin(n) = 0 which gives n = 7t/x. Hence

& = Ar/*sin (7;9) : (14.23)

where A is a constant. The electric field has a singularity if n < 1;
it follows from the above expression that the field is singular when
« > 7. In the limit o« — 271, which corresponds to the edge of a
metallic plane, the potential scales as ¢ o< 1/r, and the field has a
singularity E o< 1/4/r.
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Electric field near metallic edges and protrusions

Figure : Field lines near the edge with o = 7t/4 (left figure) and
o = 71t/4 (right figure).

It is interesting to note that the electric field near a sharp tip of a
charged thin conical needle increases approximately as 1/r, where
r is the distance to the tip of the needle.
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Self field of a relativistic beam
(Lecture 15)

February 1, 2016
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Lecture outline

We will study the electromagnetic field of a bunch of charged
particles moving with relativistic velocity along a straight line.
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Relativistic field of a particle moving with constant velocity
Consider a point charge g moving with a constant velocity v along
the z axis. We are interested in the case of a relativistic velocity,
v & ¢, or Y>> 1. In the particle’s reference frame it has a static
Coulomb field,

1 qr’
E'= ——— 15.1
47'[60 r’3”’ ( )
where the prime indicates the quantities in the reference frame

where the particle is at rest.

270/460



Relativistic field of a particle moving with constant velocity

To find the electric and magnetic fields in the lab frame we will use
the Lorentz transformation (13.10) for coordinates and time, and
the transformation for the fields (13.27). We have E, = YE/,

E, =vE,, and E; = E;. We also need to make a Lorentz
transform of the vector r’ back into the lab frame. For the length
of this vector we have

r = /X/2+y/2+zl2:\/x2+y2 +’Y2(Z—Vt)2
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Relativistic field of a particle moving with constant velocity
The Cartesian coordinates of E are

1 qyx
¥ Ameg (x2 + y2 +y2(z — vt)2)3/2
_ 1 qvy
Y dme (x2 + y? +y2(z — vt)?)32
1 qy(z —vt)
= . 15.2
© 4meg (x2 + y2 +y2(z — vt)2)3/2 (152)
These three equations can be combined into a vectorial one
1 qr
= . 15.3
41teg Y2R3 (15.3)

Here vector r is drawn from the current position of the particle to
the observation point, r = (x,y,z — vt), and R is given by

R =\/(z— vt)2 4+ (x2 +y2) /72 (15.4)
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Relativistic field of a particle moving with constant velocity

As follows from Egs. (13.27), a moving charges carries magnetic
field

1
B=5vxE. (15.5)

273/460



Relativistic field of a particle moving with constant velocity

The above fields can be also obtained by transforming the
potentials. Indeed, in the particle’s frame we have

/ 1 g

- -~ 9 a—o. 15.
Ameg r!’ 0 (15.6)

Using the Lorentz transformation (13.28) we find

d=vd', A=lpo. (15.7)

T c
Expressing r’ in terms of the coordinates in the lab frame,
r' =vyR, gives

1 gq

2o
. A= 20
dteg R’

q
= B (15.8)
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Relativistic field of a particle moving with constant velocity

The field of a relativistic point charge is illustrated below. Within a
narrow cone with the angular width ~ 1/ the field is large,

E ~ gqy/r. On the axis the field is weak, E ~1/ry?. The absolute
value of the magnetic field is almost equal to that of the electric
field.

<Yy
Ny
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Relativistic field of a particle moving with constant velocity

Sometimes we can neglect the small angular width of the
electromagnetic field of a relativistic particle and consider it as an
infinitely thin “pancake”, E o 6(z — ct). This approximation
formally corresponds to the limit v — c. Because the field is
directed along the vector drawn from the current position of the
charge, more precisely, we can write E = Apd(z — ct) where
p =Xx+ Py and A is a constant. The magnitude of A is
determined by requiring that the areas under the curves E,(z) and
E,(z) agree with the ones given by Eq. (15.3) in the limit y — oo.
This exercise yields (see homework problem 15.3)

1 2qgp 1

~ 47'[€0?6(Z — Ct), B = Z/Z\ x E. (]_59)
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Interaction of Moving Charges in Free Space
Let us now consider a source particle of charge g moving with
velocity v, and a test particle of unit charge moving behind the
leading one on a parallel path at a distance / with an offset x. We
want to find the force which the source particle exerts on the test
one.

I '

z | 1 v

Figure : A leading particle 1 and a trailing particle 2 traveling in free
space with parallel velocities v. Shown also is the coordinate system x, z.
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Interaction of Moving Charges in Free Space

The longitudinal force is

1 ql
F—FE, —— 15.10
PTT T e y2 (12 + x2y2)320 (15.10)
and the transverse force is
1
Fi = E.— B, e (15.11)

~ 4meg Y412 4 x2 /y2)3/2°

In accelerator physics, the force F is often called the space charge
force.

The longitudinal force decreases with the growth of y as y =2 (for
I > x/v). For the transverse force, if | > x/v, F; ~vy~*, and for
=0, Fs ~ yfl. Hence, in the limit v — oo, the electromagnetic
interaction in free space between two particles on parallel paths
vanishes.
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Field of a long-thin relativistic bunch of particles

We consider a relativistic bunch of length o, much larger than the
bunch radius o, > . The bunch is moving in the longitudinal
direction along the z axis with a relativistic factor y > 1. What is

the electric field of this bunch?

<y
\
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Field of a long-thin relativistic bunch of particles

We first calculate the radial electric field outside of the bunch at
distance p from the z axis. Assuming that p > 0| we can neglect
the transverse size of the beam and represent it as a collection of
point charges located on the z axis. Each such charge generates
the electric field given by Eq. (15.3). From this equation we find
that the radial component d€, created by an infinitesimally small
charge dq’ located at coordinate z’ is

1 pdq’

d 'p) =
EL(Z)Z )p) 4’7'[60 '}/2((2—2/)2 + p2/’Y2)3/2 )

(15.12)

where z and p = /x? + y? refer to the observation point. To find
the field of the bunch we assume that the bunch 1D distribution
function is given by A(z) ([A(z)dz = 1), so that the charge dq’
within dz’ is equal to QA(z')dz’, with Q the total charge of the
bunch.
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Field of a long-thin relativistic bunch of particles

For the field, we need to add contributions of all elementary
charges in the bunch:

E.(z0) = Jdmz,z’, 0)

Qe J'°° A(z)dz’
- 4meoY? ) o ((2—2')2 4 p2/y2)3/2

(15.13)

The function ((z — z)? + p?/y?)~%/? in this integral has a sharp
peak of width Az ~ p/y at z = z’. At distances p < 0,y from the
bunch the width of the peak is smaller than the width of the
distribution function o, and we can replace it by the delta
function. Precisely, we use

1 . 2y?
((z—2z")2+p?/y?)3/? p?

§(z—2"). (15.14)
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Field of a long-thin relativistic bunch of particles
The factor in front of the delta function on the right hand side
follows from the requirements that the area under the functions on
the left hand side and on the right hand side should be equal, and
from the mathematical identity

o ((z—22 422 2

JOO dz' 2

The approximation (15.14) is equivalent to using Egs. (15.9)
instead of (15.3). The result is

1 2QA(z)

= . 15.15
4teg P ( )

EJ_(Z) p)

We see that the factor v does not enter this formula—this agrees
with our expectation because Egs. (15.9) are valid in the limit
Y — 0.
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Field of a long-thin relativistic bunch of particles

In the opposite limit, p > 0,7y, we can replace A(z) in Eq. (15.13)
by the delta function 6(z), which gives the field of a point charge

1 Qpy

. 15.16

EJ_(Z) p) =

In the intermediate region, p ~ 0,7y, the result is shown on the
next slide for a Gaussian distribution function

A(z) = (1/v/2m0,)e /292,
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Field of a long-thin relativistic bunch of particles

0.8

Normalized E

0 7‘ i T
-5 0 5
z2/0y

Figure : Transverse electric field of a relativistic bunch with Gaussian
distribution for various values of the parameter p/o,y. This parameter
takes the values of 0.1, 0.5, 1 and 3 with larger values corresponding to
broader curves. The field is normalized by (47eq) 1Q/p0,.
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Field of a long-thin relativistic bunch of particles

zlo,

Figure : Electric field lines of a thin relativistic bunch with vy = 10. The
red line at the bottom shows the longitudinal Gaussian charge
distribution in the bunch.
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Longitudinal field of a bunch
What is the longitudinal electric field inside the bunch? If we
neglect the transverse size of the beam and assume the same
infinitely-thin-beam approximation we used above, we can try to
integrate the longitudinal field of a unit point charge

dg’ z—2Z2'
/
de)(z,2') = o T, (15.17)

as we did above for the transverse field:

EH(Z) = Jd5|(z,z')

/

_Q J dz'A(z") Z—2 (15.18)

 4meqy? z—2z']3’

but the integral diverges at z’ — z. This divergence indicates that
one has to take into account the finite transverse size of the beam.
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Longitudinal field of a bunch

Assume a uniform radial distribution of charge in the beam of
radius a. Slice the beam into infinitesimal disks of thickness dz’.

Figure : Left panel: a beam of cylindrical cross section a; right panel: a
slice of the beam located at z’.
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Longitudinal field of a bunch

If the slice has a unit charge and is located at coordinate z’, the
longitudinal electric field on the axis z at point z is

N L2, ! —
&y(z,2') = 47’[6032(2 z) VEN+(z—22 lz—2'1)"

1.0F T T T T H
0.5+ J
i ]
o ]
(5 4
& 0.0R d
< ]
E
5 ]
-0.5 ]
0] T N B B T
-3 2 -1 0 1 2 3
(z-2')yla
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Longitudinal field of a bunch

The longitudinal electric field on the axis of the bunch is obtained
by integration of contributions from the slices

E\(z) = —JOO dz'Q?\(z')EH(z,z') (15.19)

Q 2 o ! / /
:_47t6032J dz'A(2')(z — 2')

—00

1 1
VaNE(z—22 |z=2'l]"
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Numerical result for a Gaussian bunch
We assume Gaussian distribution A(z) = (1/v/270,)e %/2%%.

ol T b b e
-2 0 2
z/o,

E|| for various values of the parameter a/yo,: 0.1, 0.01, and
0.001. Smaller values corresponding to higher fields. The field is
normalized by (47eo) 12Q/y?02.

290,460



Field of a long-thin relativistic bunch of particles

One can show that in the limit a/yo, <1 a crude estimate for E|
is:

1
Qg %Y (15.20)

d7teq 02y? a

Ey~

Formally, this expression diverges in the limit of infinitely thin
beam (a — 0), but in reality the effect of the longitudinal electric
field for relativistic beams is often small because of the factor y—2
(a so called space charge effect).

The magnetic field of the beam
B —

For an axisymmetric beam this means azimuthal magnetic field
B¢ = BEJ_/C.
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Effect of environment on
electromagnetic field of a beam
(Lecture 16)

February 1, 2016
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Lecture outline

We first consider a relativistic beam moving in a perfectly
conducting beam pipe. We the derive the Leontovich boundary
condition, and derive the resistive wall wake field. We also discuss
how a protrusion in a form of an iris affects the beam.
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Introduction

We discussed in a previous lecture that electromagnetic interaction
between particles of a relativistic beam moving in free space is
suppressed. In practice, such interaction is often determined by the
presence of material walls of the vacuum chamber and occurs if 1)
the pipe is not cylindrical (which is usually due to the presence of
RF cavities, flanges, bellows, beam position monitors, slots, etc., in
the vacuum chamber), or 2) the wall of the chamber is not
perfectly conducting.
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Beam Moving in a Perfectly Conducting Pipe
Particle of a relativistic beam moving parallel to the axis in a
perfectly conducting cylindrical pipe of arbitrary cross section, in
the limit v = ¢, do not interact with each other.

Y

image charges

Mathematically, the boundary condition for the fields on the
surface of a perfectly conducting metal is

E.=0. (16.1)
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Simplified Maxwell’s equations

To understand interaction of a beam with a metallic wall, we need
to consider effects of finite conductivity, or resistive wall effect.
We start with quick derivation of a so called skin effect.

The skin effect deals with the penetration of the electromagnetic
field inside a conducting medium characterized by a conductivity o
and magnetic permeability 1. We neglect the displacement current
0D/0t in Maxwell's equations in comparison with J:

0B
VxH=j, V-B=0, V><E+E:O, j=o0oE.
(16.2)
One finds the diffusion equation for the magnetic field B:
0B
50 = o lulv?B. (16.3)
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Skin effect

z=0

A metal occupies a semi-infinite volume z > 0 with the vacuum at
z < 0, and assume that at the metal surface the x-component of
magnetic field is given by Hy = Hpe '“t. Due to the continuity of
the tangential components of H, H, is the same on both sides of
the metal boundary, that is at z =40 and z = —0.
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Skin effect

Seek solution inside the metal in the form Hy, = h(z)e '®t.
Equation (16.3) then reduces to

2

dz?

with the solution h = Hpe'*? and

k:\/iuow:(lw),/%. (16.5)

Note that Im k > 0 and the field exponentially decays into the

metal. The quantity 9,
2
d=4/—— 16.6
Viow” (16.6)

is called the skin depth; it characterizes how deeply the
electromagnetic field penetrates the metal.

+inowh =0, (16.4)
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Skin effect

In many cases the magnetic properties of the metal can be
neglected, then 1 = g

2c

o= .
Zoow

(16.7)

The electric field inside the metal has only y component; it can be
found from the first and the last of Egs. (16.3)
Jy _ ldHc ik i—1

E, == = = —H, = H, . 16.8
Y o o dz o 0d ( )

The mechanism that prevents penetration of the magnetic field
deep inside the metal is generation of a tangential electric field,
that drives the current in the skin layer and shields the magnetic
field.

299/460



The Leontovich boundary condition
The relation (16.8) can be rewritten in vectorial notation:

E.=CHxn, (16.9)

where n is the unit vector normal to the surface and directed
toward the metal, and

1—
od(w)

Eq. (16.9) is called the Leontovich boundary condition.

In the limit 0 — co we have ¢ — 0 and we recover the boundary
condition (16.1) of zero tangential electric field on the surface of a
perfect conductor. Remember that ( is a function of w — Fourier
representation of the field.

At large frequencies the conductivity begin to depend on frequency,
ac conductivity. Anomalous skin effect at low frequencies or very
high frequencies.

(w) = (16.10)
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Round pipe with resistive walls

Consider a round pipe of radius b, with wall conductivity . A
point charge moves along the z axis of the pipe with v = c,

z = ct. Because of the symmetry of the problem, the only
non-zero component of the electromagnetic field on the axis is E,.
Our goal now is to find the field E, as a function of z and t.
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Round pipe with resistive walls
Main steps to find E,:

o Take the magnetic field By(p, z, t) of the charge (moving with
v = ¢) in vacuum. It is equal to the field in perfectly
conducting pipe. Assume, that it does not change much
because the conductivity of the wall is large.

o Make Fourier transformation of By(p, z, t) with respect to
time, Be(p,Z, t) — g@(p) w).

@ Use the Leontovich boundary conditions and find Ezlp:b on
the wall

Ez‘p:b = _Cﬁe(b) .
Ho
@ Use the wave equation for the field E,(p, z, t), make Fourier
transformation of it, and take into account that
E, = E,(p,z — ct). Conclude from this equation that E, does

not depend on p: Ezlpzo = Ezlp:b.
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Round pipe with resistive walls

We obtain

qc 2y
E(2,0) = g5\ —h(s), (16.11)

with s = ¢t — z.

For the points where s < 0, located in front of the charge, E, =0
in agreement with the causality principle. The positive sign of E,
indicates that a trailing charge (if it has the same sign as g) will be
accelerated in the wake.
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Short distance from the charge

The magnitude of E, increases with decreasing s. At small
distances the displacement current

aEz
03¢t

disp __
2t =

starts to change the magnetic field on the wall, and that in turn
changes E,. This happens at the distance

2p2\ M3
S~5 = <ZOO‘> . (1612)

For b=5 cm

Metal ‘ Copper ‘ Aluminium ‘ Stainless Steel
so, um | 60 | 70 | 240
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Short distance from the charge

/
0 — Longitudinal electric field as a
g / function of distance s from the
-2 1 particle. The field is normal-
/ ized by q/47megb?, and the dis-
o ‘ ‘ .....d tance is normalized by sp.
0 2 4 6

S/So

The value of the normalized field at the origin is equal to

g
7T€0b2 )

It does not depend on the conductivity!
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Point charge passing through an iris

A relativistic point charge, y > 1, moving in a pipe that has a
diaphragm with round hole of radius a. We assume that a is much
smaller than the pipe radius R and simplify to R — oo.
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Point charge passing through an iris
The physics: the iris cuts off a part of the electromagnetic field,
r > a, that hits the metal.
The frequency: the duration of the field pulse on the edge of the
iris (where the field is strongest) is of the order of At ~ a/cy.

Hence characteristic frequencies are w ~ cy/a.
The energy loss: calculate the energy U of the

electromagnetic field that is “clipped away” by
the iris. The field is given by Eq. (15.3) and
Ay (15-5)'

_ g1 Yqpe
By = cbo = 4rteg (p2 4 y222)3/2°

The energy density w of the electromagnetic
‘ field is

€
w=2(E+ 283,
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Point charge passing through an iris

Integrating w over the region p > a and over z yields

UJOO27T d Joo dzw = 3 i (16.13)
N 3 pae —00 _64€0 a -

We expect that the radiated energy will be of the order of U, and
the spectrum of radiation will involve the frequencies up to

A~aly (A =1/k).
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Point charge—analytical solution
The problem allows for an analytical solution. The radiated energy

spectrum is
d 1 ¢ k
244 TF <a> , (16.14)

dw  2meq ¢ 2%

where F(x) = x2 [KO (x) Ka (x) — K; (X)Z], with K, the modified
Bessel function of the second kind.

o0 1]
:
LL1of
5|
0 0.25 0.5 0.75 1
X
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Point charge—analytical solution

The total radiated energy W is obtained by integrating dWW/dw
over the frequency:

dw=-—"">=2", (16.15)

r" dw 3 ¢’y
o dw 32¢p a

This is twice the clipped energy.

Explanation: The clipped field is reflected back by the screen, and
is radiated in the backward direction. The same amount of energy
is radiated by the screen in the forward direction when the particle
rebuilds its original Coulomb field far from the screen.
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Gaussian bunch passing through an iris

For a Gaussian bunch passing through the iris we take into account
the pipe radius R. We assume no particles hit the iris, the bunch
length satisfies the condition o, > R/vy, and use Eq. (15.15) for
the beam transverse field. Also, 0, < a.

The energy loss: The electromagnetic
energy localized between the radii a and

R is:

o) R
, U:ezoj dzJ 2rpdp(E2 + c2B?)
a

—00

0o R
:eoj dzJ 27rpdpEf.

—00 a

1 4QVE <R> |

- 16m2ey O, a
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Gaussian bunch passing through an iris

The ratio of this energy to the kinetic energy of the beam Nymc?
(N is the number of particles in the beam) is

u 1 4Nq2ﬁIn R
Nymc2 — 16m2eq ymc2o, a
1 N R
LA NP (A I (16.16)
VYo, a

where g is the particle’s charge (@ = Ng) and ry = g°/4mteomc? is
the classical radius. For electrons ry = 2.82 - 10713 cm and for
protons rg = 1.53 - 10716 cm.
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Gaussian bunch passing through an iris

In contrast to a diaphragm, a smooth enough transition does not
“scrape away" the electromagnetic field. When a beam passes
through a smooth transition in a pipe its field is adiabatically
adjusted to the shape of the local cross-section. It does not cause
the energy loss but usually results in energy exchange between
different parts of the beam (the head and the tail).

Even if the transition is not smooth, the radiation is suppressed for
very long bunches, such that the characteristic frequency w
involved in the variation of the beam field, w ~ ¢/0, is smaller
than cut off frequency of the pipe.
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Plane electromagnetic waves and Gaussian beams
(Lecture 17)

February 2, 2016
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Lecture outline

In this lecture we will study electromagnetic field propagating in
space free of charges and currents. We focus on two types of
solutions of Maxwell's equations: plane electromagnetic waves and

Gaussian beams.
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Plane electromagnetic waves

A plane electromagnetic wave propagates in free space (without
charges and currents). All components of the field depend only on
the variable & = z — ct,

E(r,t)=F(&), B(r,t) =G(§). (17.1)

From the equation V - E = 0 if follows that 0F,/0& =0, and
hence F, = 0. Similarly, G, = 0 because of V- B = 0. We see that
a plane wave is transverse.

We now apply Maxwell's equation 0B/0t = —V X E to the fields
(17.1). We have
Fy = cGy, F, = —cG,, (17.2)

hence Fx = cG, and F, = —cG;,.
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Plane electromagnetic waves

In vector notation F = —cn x G or
E=—cnxB, (17.3)
where n is a unit vector in the direction of propagation (in our case

along the z axis). Multiplying vectorially Eq. (17.3) by n, we also
obtain

1
B = En x E. (174)

If we use potentials ¢ and A to describe a plane wave, they would
also depend on & only: ¢ = d(&), A= A(&).
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Plane electromagnetic waves

We have

B=VxA
= —RA, + 9A,

=nxA’
1 0A

= —— —_—. 17.5
cn>< ot ( )

After the magnetic field is found, we can find the electric field
using Eq. (17.3).
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Plane electromagnetic waves

Often a plane wave has a sinusoidal time dependence with some
frequency w. In this case it is convenient to use the complex
notation:

E = Re (Eoefiwt+ikr+i¢>o) , B = Re (Boefiwt+ikr+i¢>o) ’

where Eg and Bg are the amplitudes of the wave, and k = nw/c is
the wave number. The wave propagates in the direction of k; the
amplitude of the electric and magnetic fields are Eg = cBy.

In general, Eq and By can be complex vectors orthogonal to k,
eg., Eg= Eér) + iEé') with Eér) and Eé') real. Purely real of
purely imaginary Eg corresponds to a linear polarization of the
wave; a complex vector Eq describes an elliptical polarization.
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Plane electromagnetic waves
The Poynting vector gives the energy flow in the wave

S—Ex HzJ%Egncosz(wt—i—kr—i—d)o), (17.6)
0

(in this formula Eg is assumed real). The energy flows in the ~
direction of the propagation k. Averaged over time energy flow, S,
is

= 1 €0 2 1 2 C2 2
- . |—2E’n=-—"—E>n= —B?n. 17.7
S 2 Ho of 220 on 220 of ( )
Energy density in the plane wave
_ 1 €0 €0
i=5p B+ B =5k

We have
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Plane electromagnetic waves

source of radiation .

local plane wave

A\ e Electromagnetic field looks like a
plane wave locally in some limited
region.

local plane wave
(= here

An arbitrary solution of Maxwell's equations in free space (without
charges) can be represented as a superposition of plane waves with
various amplitudes and directions of propagation.
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Gaussian beams

We consider another important example of electromagnetic field in
vacuum—Gaussian beams. They are typically used for description
of laser beams. They can be understood as a collection of plane
waves with the same frequency propagating at small angles to a
given direction—a so called paraxial approximation.
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Gaussian beams

Start from the wave equation (13.4) for the x component of the
electric field (a linear polarization of the laser light)

0%E,  0%E, n 0%E, 1 92%E;,

o2 T oy2 T2 2o O (17.8)

and assume

Ex(x,y,2,t) :U(X>Y>Z)e_iwt+ikz> (17'9)
where u is a slow function of its arguments, and w = ck. More
specifically, we require

10u

<k, 'uat

1ou

. 17.1
32 < w (17.10)

Physical fields are the real part of Ej.
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Gaussian beams
Main steps in the derivation of Gaussian beams:

o Neglect 921/dz2 in comparison with kdu/0z.

@ Assume axisymmetry u = u(p,z) with p = \/x2 + y2.
@ Seek solution in the form

u=A(z)e?=r

The result is
]_/Wg

R .

(17.11)

where wy is one constant of integration (called the waist) and

Eo

Alz) = — 9
(2) 1+ 2iz/kw§ ’

(17.12)

where Eg is another constant of integration.
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Gaussian beams

We now introduce important geometrical parameters: the Rayleigh
length Zg and the angle O:

kw? wo 2
Zg = —2 0=—=—. 17.1
R 2’ Zr  kwy ( 3)

i
T

They can also be written as

A
Ir =2

= (17.14)

where A = k1 = c/w.
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Gaussian beams
At z = 0 the radial dependence of u is e*pZ/Wg—wo gives the
transverse size of the focal spot here. At p =10
u= Eyg/(1+ iz/Zr)—Zg is the characteristic length of the focal
region along the z axis.

Contour lines of constant ampli-
tude |ul.

Contour lines of constant phase ¢,
with u = |ule’®.
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Gaussian beams

Condition for the validity of the paraxial approximation:

0%u/0z° ~ u/Z,% < kOu/0z ~ ku/Zr — Zr > A. From this
condition it follows that A <« wy < Zg and 8 < 1. This means
that the size of the focal spot wy is much larger than the reduced
wavelength, and 0 < 1.

The magnetic field in a Gaussian beam the lowest approximation
can be found, in the lowest order, by using Eq. (17.4), where n is
directed along z,

1
B, = ~E. (17.15)
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RF cavities
(Lecture 25)

February 2, 2016
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Lecture outline

A good conductor has a property to guide and trap
electromagnetic field in a confined region. In this lecture we will
consider an example of a radio frequency (RF) cavity, and discuss
some of its properties from the point of view of acceleration of
charged particles. We then discuss the electromagnetic pressure
and derive Slater’s formula.
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Waveguide, TM modes

Let us consider a cylindrical waveguide of radius a made from a
perfect conductor. Such a waveguide has a number of
electromagnetic modes that can propagate in it. We will focus first
our attention here on so called TM modes that have a nonzero
longitudinal component of the electric field E,, with B, = 0. To
find the distribution of the electric field in the waveguide for a
mode that has frequency w, we will assume that in cylindrical
coordinates r, ¢, z,

Eo(r, b, z,t) = E(r)e wEmbtie, (25.1)

use Eq. (13.4) for E,
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Waveguide, TM modes
The solution of this equation is given by
E= EOJm (kJ_r) )
where J,, is the Bessel function of m-th order and k| = ¢ v w? — c252.

The boundary condition E, =0 at r = a requires that k, r be equal to a
zero of J,,. For each function J,, there is an infinite sequence of such

zeros, which we denote by jp,, , with n=1,2,....

(25.3)

Jo.d1,d2
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Waveguide, TM modes

Hence k| = jm,n/a and recalling the definition of k| we find that

P NSV
PP —— <°§2 - J’;’;’) . (25.4)

In order for a mode with indices m and n to have a real value of s,
its frequency should be larger than the cut-off frequency ¢jm n/a.
The plus sign defines the modes propagating in the positive
direction, and the minus sign corresponds to the modes in the
opposite direction. If w < ¢jm n/a, then we deal with evanescent
modes that exponentially decay along the z-axis (and,
correspondingly exponentially grow in the opposite direction).
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Waveguide, TM modes

Given E,(r,d,z,t) as defined by (25.1) we can find all other
components of the electric and magnetic fields using Maxwell's
equations. They will all have the same dependence e~ /®t—imd+ixz
versus time, angle and z. The radial distribution of the four
unknown components Eg, E;, By, and B, (remember that B, = 0)
are found from the four algebraic equations, which are r and ¢
components of the two vectorial equations V x E = jwB and
c?V x B = —iwE.
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Waveguide, TM modes

Here is the result

E, — Eol}j r’n”:aJ’ (ng) g Iwt—imdrtizem oz (25.5)

= 8% gy (o) e s (256)
2

B, = o ‘j () et (25.7)

By = Eo—yr- 2J "y (Jma ) e, (25.8)

where J] is the derivative of the Bessel function of order m and we
dropped the indices m, n on the left sides. These modes are
designated TM,, or E.,,. Example: TMp;.
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Waveguide, TM modes

Note that in addition to vanishing E, on the wall, which we have
satisfied by choosing k| = jm n/a, we should also require E;, =0
on the surface of the wall (because it is tangential there). This
however is automatically satisfied because the radial dependence of
Ey in (25.6) is the same as E, in (25.3).

The physical meaning has the real parts of Egs. (25.5). Since the
longitudinal wavenumbers (25.4) do not depend on m, the modes
with positive and negative values of m (assuming m > 0) are
degenerate—they have the same values of s, ,. A sum and
difference of m and —m modes, which convert e™® and e="™® into
cos m¢ and sin md, are often used as another choice for the set of
fundamental eigenmodes in circular waveguide.
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Waveguide, TE modes

Phase velocity of this modes is larger than the speed of light:

w w >
Vph = — = ¢ :
(w2 e,/

c (25.9)

This means that we cannot use EM field in waveguides for
acceleration of charges. Disk loaded structures are used for that
purpose.
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Waveguide, TE modes

TE modes have nonzero longitudinal magnetic field B, with E, = 0.
Their derivation follows closely that of TM modes. A simple observation
of special symmetry of Maxwell's equations allows one to obtain the
fields in TE modes without any calculation.

Indeed, assuming the time dependence e~ @t for all fields, Maxwell's
equations in free space are

VxE=iwB, VxB=—iwE, V-E=0, V-B=0.
(25.10)

Note that a transformation
(E,B) — (cB,—E/c) (25.11)

converts (25.10) into itself. This means that having found a solution of
Maxwell's equation one can be obtain another solution by means of a
simple transformation (25.11). The only problem with this approach is
that one has to make sure that the boundary conditions are also satisfied.
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RF modes in cylindrical resonator

Cylindrical resonator is a cylindrical pipe with the ends closed by
metallic walls. Various modes of electromagnetic field that can
exist in such a resonator are characterized by their frequency. The
resonator modes can be easily obtained from the waveguide modes
derived above.

In comparison with waveguides, a resonator requires one more
boundary condition—uvanishing tangential electric field on the end
walls. Let's assume that the resonator left wall is located at z = 0,
and the right wall is located at z = L. Start with TM modes. To
satisfy the boundary condition E, = E, = 0 at z = 0 we choose
two TM modes with the same frequency and the same m and n
indices but opposite values of s, , (that is two identical waves
propagating in the opposite directions) add them and divide the
result by 2.
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RF modes in cylindrical resonator

Using

1 i%m,nz —i%m,nz

E(e mn¥ 4 e !mn?) = cos(s¢m nz), (25.12)
1 . .
E(%m,ne“{m’nz - %m,neil%m’nz) = i%m,n Sin(%m,nz)a

it is easy to see that both E, and Ey = 0 acquire the factor
sin(s¢m,nz) and hence satisfy the boundary condition at z =0. In
order to satisfy the boundary condition at the opposite wall, at

z = L, we require sy, 5L = ITt, where | = 1,2, ... is an integer
number.
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RF modes in cylindrical resonator

The result is

/ o

E, = EyJ, (.’”’”g) cos (T) g wt=imb (25.13)
£ = £ (1Y sin (122 i

m,n a L
Ep = —Eoiim%_;"‘"f I (jman ) sin (’“Z> e—iwt—imd

Hinn Ta L
2

B, = Eo mwa I ('m’n£> cos (/7’(2) o iwt—imd

2 g a L

iwa N Imz\ _. .
By = Eo—— i J) (’"”’5) cos <L> g iwt=imb,
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RF modes in cylindrical resonator

Eq. (25.4) should now be interpreted differently: we replace sm
by I7t/L, square it, and find the frequency w of the mode

w? _(1\? |
- <L> yima. (25.14)

The modes given by (25.13) and (25.14) are called TM,,; modes.
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RF modes in cylindrical resonator

A similar procedure can be done with the TE modes, but instead
of adding, we need to subtract the mode with negative s, , from
the mode with the positive s, , and divide the result by 2i.

An important quantity associated with the mode is the energy W
of the electromagnetic field. This energy is given by the integral
over the volume of the cavity of (eo/2)(E2 + C2Bg), where one has
to take the real parts of the fields before squaring them.
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TMOlO mode

For illustration, let us calculate the energy of TMg19 mode.
2

w Jo1
= (25.15)

where jo1 = 2.4.
E, = EyJo (jo 15> e—iwont (25.16)

By = EolwowaJO ( f) o iwotot
c%jo,1 a
The calculation can be simplified if one notices that although E,
and By depend on time, the energy W does not. Because there is
a phase shift of 7t/2 between these fields, one can find a moment
when Bg = 0, and then

W = % J dV|E]? = %nEgazLJf(jl) , (25.17)

where we used jé JB(bx)xdx = 1 J2(b).
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TMOlO mode

With account of the finite conductivity of the wall, one finds that an
initially excited mode decays with time because its energy is absorbed in
the walls. This damping results in the imaginary part v in the mode
frequency, w = w’ — iy, where w’ and 7y are real and positive. The
imaginary part of the frequency can be calculated with the help of the
Leontovich boundary condition.

A related quantity is the quality factor @ of the cavity equal to

!

w
=—. 251
o-5 (25.18)
The quality factor for the TMgp1p mode of the cylindrical cavity
aL
= 25.19
Q S(a+L)’ ( )

where 0 is the skin depth at the frequency of the cavity. A crude estimate
of the quality factor is @ ~ //6, where [ is a characteristic size of the
cavity (assuming that all dimensions of the cavity are of the same order).
Typical copper cavities used in accelerators have @ ~ 10%;
superconducting cavities may have @ ~ 10°.
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Electromagnetic field pressure

Electromagnetic field terminated by a conducting wall exerts a
force on this wall.

When electric field lines are terminated on metal surface

there are image charges with the surface density equal to eoEp,, (n
is the normal to the surface of the metal).
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Electric field pressure

Consider in more detail distribution of the electric field inside the
metal. The metal occupies the region z > 0. The charge density
inside the metal is p(z), and the electric field is E,(z).

dE; _ p(2)
= —. 25.20
dz €0 ( )
The force per unit area is given by the integral
R ©  pdE e
;= dzpE, = dzE,— = ——FE;. 25.21
Jo P 0 Jo e 2" ( )

The minus sign means that the electric field has a “negative
pressure” —it pulls the surface toward the free space.

Numerical example: for E = 35 MV/m the pressure is about 0.5
N/cm?.
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Magnetic field pressure
Tangential magnetic field also exerts a force on the surface.
Assume that the magnetic field B, (z) is directed along y, and
varies along z due to the current j,(z) flowing in the x direction.

dH, )
Dy, 25.22
5 = (25.22)
and the force per unit area is
FLM) :J dzjB, . (25.23)
0
We have
7' =—| dzB,—% =-—"B 25.24
| " oo, G = 52, (25.0)

We see that fz(M) is positive—it acts as a real pressure applied to
the surface.
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Side comment on magnetic field pressure

We briefly talked about a pressure tensor in force equations. For a
uniform magnetic field in the Z direction, the tensor describing the
magnetic pressure away from any boundary is

B2/2u 0 0
0 B2/2u, 0 : (25.25)
0 0  —B2/2u

This has significant consequences for magnetized plasmas. The
negative, longitudinal term is called magnetic tension.
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Electromagnetic field pressure

The effect of the electromagnetic pressure causes a so called
Lorentz detuning in modern superconducting cavities which should
be compensated by a special control system.

Lorentz-force detuning

= The Lorentz forces near the irises try to contract the cells, while forces near the equators try to
expand the cells
= The residual deformation of the cavity shape shifts the resonant frequency of the accelerating
mode from its original value by
A1 2 2
7 EJ‘AV("DH - gE L}v

where DV is the small change in the cavity volume

= |n the linear approximation, the steady-state Lorentz-force frequency shift at a constant
accelerating gradient is

Afpstat =K1 Eaee

= The quantity K, is called the Lorentz-force detuning constant.
= The 9-cell TESLA cavities have K, = 1 Hz/(MV/m)Z
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Slater's formula

What happens to the frequency of a cavity, if its shape is slightly
distorted?

The frequency of modes changes. To calculate the frequency
change we compute the work against the electromagnetic field
needed to change the cavity shape.
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Slater's formula

Assume that a mode is excited in the cavity and the distortion of
the cavity shape occurs slowly in comparison with the frequency of
the mode. This work, with a proper sign, is equal to the energy
change 8W of the mode. Since the distortion is small, we can take
the unperturbed distribution of the electric and magnetic fields on
the surface, compute fz(E) + fZ(M) and average over the period of
oscillations. This averaging introduces a factor of %

1 1
6W2Jd5 h(zuosz_ezoE"2> , (25.26)

where h is positive in the case when the volume of the cavity
decreases, and it is negative in the opposite case, B; and E, are
the amplitude values of the field on the surface.
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Slater’s formula
We know from quantum theory that the number of quanta does

not change in adiabatically slow processes. Hence W /w = const,

S _ 5w

25.27
o5 =W (25.27)

This gives us

dw  eo

= dV (?B? — E? 25.2
| avies g, @s2)

where the integration in the numerator goes over the volume of
the dent, and the integration in the denominator goes over the
volume of the cavity. This is often called Slater’s formula.

The perturbation must be small and cannot have any sharp
features, otherwise one cannot use the unperturbed fields.
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Radiation and retarded potentials
(Lecture 18)

February 2, 2016
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Lecture outline

In this lecture, based on simple intuitive arguments we derive the
Liénard-Wiechert potentials that solve the problem of the
electromagnetic field of a point charge moving in free space.
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Radiation field

Assume that a point charge was at rest until t =0, and then it is
abruptly accelerated and moves with a constant velocity v at t > 0.

v @ v ®
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Radiation field

How do electric field lines look like before and after the
acceleration?

Y, @ Y,

A 4
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Radiation field

If the charge was moved twice, then at time t > t; there will be
two spheres, with radiation layers between them.

y, @@ ®

C(t't1)

A constantly accelerating charge will be radiating the spheres at
every moment of time, and those spheres will be expanding
increasing their radii with the speed of light.

357/460



Retarded time and position

We need to figure out how to relate a point on such sphere to the
time and position of the charge when this particular sphere was
radiated. This time is called the retarded time and the position of
the particle is the retarded position. If the particle’s orbit is given
by ro(t), and we make an observation at time t at point r in
space, then the retarded time t,¢ is determined from the equation

c(t = tret) = |r — ro(teet)| (18.1)

and the retarded position is ro(tyer). Note that both t.e; and
ro(tret), for a given orbit of the particle (determined by the
function ro(t)) are functions of variables t and r.
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Charge moving with constant velocity

In the limit when acceleration tends to zero, we obtain the limit of
constant velocity. Let us find the retarded time in this case.

A point charge is moving with a constant velocity v along the z
axis.

b 2

<¢I
\

Figure : Point charge moving with constant velocity along the z-axis.
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Charge moving with constant velocity

First we need to find t;er. Using
ro = (0,0, vt) (18.2)
and introducing t' =t — tyer (tret =t — t’) we square Eq. (18.1)
At? =(z—v(t—t")2+ x>+ y2. (18.3)

This is a quadratic equation for t’. It has two solutions, one of
them is an advanced solution with t’ < 0, the other one is our
retarded solution with t’ > 0.
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Charge moving with constant velocity

We will rewrite the equations for potentials (15.8) for a moving

charge using tye:.
Show first that the quantity R in Eq. (15.4) is equal to

R=R—B-R=R(1—p-n). (18.4)

tret

[ -

See the proof in the Lecture notes.
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Charge moving with constant velocity

The potentials (15.8) can now be written as

1 q A

. Y q
C 4neg R(1—B -n)’ A_47'[

¢ R(1—B-n)"

B (18.5)

Remember that R involves the retarded position of the particle.
We can also formally consider 3 as taken at the retarded time,
because it does not depend on time at all.
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Liénard-Wiechert potentials

It turns out that in this new form the equations are valid for
arbitrary motion of a point charge, even when the charge is being
accelerated and we “accidentally” derived the Liénard-Wiechert
potentials which describe electromagnetic field of an arbitrary
moving particle:

_ 1 q
olrt) = 4mteg R(1— Brer - 1)’
Alr,t) = 2 GPrer (18.6)

T AR =By n)

Here the particle’s velocity 3 should be taken at the retarded time,
Bret = B(tret), and we remind that R = r — ro(tyet) is a vector
drawn from the retarded position of the particle to the observation
point, and n is a unit vector in the direction of R.
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Derivatives of the retarded time

Remember that t.e; = tyet(r, t). Let us calculate Oter/0t. Square
and differentiate (18.1):

0 0
aﬁj(t— tret)® = E(r — ro(tret))? (18.7)
which gives
oty 0
- 2C2(t - tret) < a:t - 1) = _2(r - rO(tret))a [rO(tret)]
dro atret
=—2(r —ro(tret)) — 18.8
(r=rolte)) | 5 (18.8)
Using B,er = ¢ *dro/dt|i—t,., we find
oty 1
%= (18.9)

ot 1—Bre-n’
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Liénard-Wiechert potentials

Using the definitions of EM potentials,

0A

E=— ——

Ve ot
B=VxA, (18.10)

we can obtain formulas for the fields:
_ q n— Bret q nx {(n - Bret) X Bret}
47teq Y2R2(1 — Brer - 1)3  4megc R(1— B - n)3 ’

B=nxE, (18.11)

where ., is the acceleration (normalized by the speed of light)
taken at the retarded time.
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Retarded potentials for an ensemble of particles

The Liénard-Wiechert potentials are convenient for calculation of
fields of a moving point charge. What if we are given a continuous
time dependent current and charge distribution p(r, t) and j(r,t)?
Naively, one can think that to obtain the potential for a continuous
distribution one has to replace the charge g by an infinitesimal
charge p(r’, t)d3r’ in the elementary volume d3r’ and integrate
over the space,

1 / e 3,7
J p(r )t t)d r , (1812)
dmeg J [r—r'|(1—Brer - N)

where n = (r —r’)/|r — r’|. This however, would be wrong. See
Lecture notes.
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Retarded potentials for an ensemble of particles

The correct expressions are:

. 1 P(f’, tret) 3 7
cb(r) t) - 47_[€0J |r_r/| d r )
Zo [J(r'ytre
A(r' 1) = 4;Jf|r_ r,T)d-”r’. (18.13)

These integrals are called the retarded potentials. They give the
radiation field in free space of a system of charges represented by
continuous distribution of charge density p and current density j.
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Scattering of electromagnetic waves
(Lecture 19)

February 4, 2016
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Lecture outline

We consider scattering of an electromagnetic wave on a free
charged particle. Scattering involves a radiation reaction force,
which keeps the energy balance in the process. The momentum
balance is controlled by the light pressure effect. We briefly discuss
the inverse Compton scattering on a point charge moving with a
relativistic velocity.
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Thomson scattering

An electron initially at rest is illuminated by a plane
electromagnetic wave.
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Electron motion

We will assume that this wave is weak, so that the electron
velocity in the wave is nonrelativistic. The field in the wave is
given by Eq. (17.6).

m— = qEge'wtikr, (19.1)

(we assumed the phase ¢g = 0). The magnetic force in this
equation is dropped because v < c. Assume that k- r < 1 on the
right-hand side

dv .
— = qEge 't 19.2
m dt 9=0¢ ( )
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Electron motion
Integration over time gives

iq _
v = 7E06 I(,Ut)
mw

and
r=——=>rs Ege '@t
The condition v < ¢ implies that
a= 9Eo <1
mwc

This condition means that, kr < 1, or
r <A,

where A = c/w = A/2m.
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Vector potential

We use Eq. (18.6) to calculate the vector potential.

First, we neglect the Byer - N term in the denominator because

3 < 1. Second, we have approximately R = r. Finally, we neglect
the term ro(tret) in Eq. (18.1):

r
tret =t— E . (197)
he result is
Z tre Z t— =~
A(r)t) :iqﬁ( t) :iqv( C)
47t r 47t cr
Zo ig? . .
= 208 pyeiwttikr, (19.8)
4t mwcr

We are dealing here with a spherical electromagnetic wave, whose
amplitude decays with distance as 1/r.
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Vector potential

If the incident wave has a finite duration of N,, periods, the
radiated wave will have the same number of periods, see (19.8).

I I I h I I |
0.00 005 0.10 0.15 0.20 0.25 0.30 0.35
t

This fact is useful in the study of undulator radiation.
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Radiation intensity

We apply the local plane approximation and use (17.5) and (17.3).
Eq. (17.5) gives

1 A %
B=—:n
at At mc2r

n x Ege 'wttikr (19.9)

Radiation occurs at the frequency of the incident wave. The
energy flow in the radiation field is:

= |EP = — 1 nxE
0 U cer nx
I || o5 s sln x El
Z E
0 920 gin2y. (19.10)

= 3212 m2c2r2
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Angular distribution
The intensity of radiation: energy flow is dP = SdA = 5r?dQ

Z
Fhgrga ~ras  dQ = rsin0dd
o8t ' ,snedp | use notation 1 instead of
el 0, with the axes z directed
i i along Ej
// r d¢ :
f//
X
dP -, Zy q*EZ .,
O m2c02 sin® 1. (19.11)

The angle \{ is measured relative to the direction of the electric field in
the wave. The angular distribution is o sin1).
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Angular distribution

Angular distribution of the
Thomson scattering.

SS
)l

2

Integrating this power over the solid angle gives ([ d$ — 27)

dP Zo q*E¢ (™ ., .
=|—-——=d0=— -2 d
P JdQ 3972 2 L sin“ - 27tsiny dip
Zo 87 q4E02
= 5o (3) pe s (19.12)
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Comment

The radiation field decreases with radius as 1/r. Only in this case

does the total power of radiation remains constant as r — oco. Any
EM field or component that decays faster than r—! does not carry

energy to infinity, and hence is not radiation.
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Photon number
What is the number of photons emitted per unit time?
P
P~ ha
 Zy q*E¢ 1
127t m2c? hw
-
12mteg m2c2w? ~ hc
= %a2woc, (19.13)
where a is defined by Eq. (19.5) and « is the fine structure
constant

1 q? 1
o= — .
4meg he 137
This result is an approximation valid when a < 1, more generally it
is a°/(1+ a%)..

(19.14)
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Thomson cross section

If we divide the radiated power by the average energy flow in the

wave, we obtain a quantity that has dimension of length squared.

This quantity can be interpreted as a scattering cross section, and
is called the Thomson cross section

P 1 \? 8ng* 8m,
T T B2 )27, <4neo> 3m2ch 30 (19.15)

where ry is the classical radius

1 q2
= —. 19.16
0 47te9 mc? ( )

For electrons ry = 2.8 - 10713 cm.
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Angular distribution of radiation

Figure : A spherical coordinate system. The wave propagates along the z
axis, and the electric field in the wave is directed along the x axis.
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Angular distribution of radiation

Here we calculate the intensity of radiation in a spherical
coordinate system, where the wave propagates in the z direction
and the electric field is directed along x. We introduce the polar
angle 6 measured relative to the z axis and the azimuthal angle ¢
measured in the x — y plane.

n = (sin @ cos ¢, sin O sin ¢, cosO), (19.17)
and with Eg = (Ep,0,0) we find

In x Eg|*> = E2(1 —sin?0 cos® ). (19.18)
Eq. (19.11) takes the form

dP 4 q*EZ
dQ 3272 m2c?

(1—sin>0cos® ). (19.19)
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Radiation reaction force

Because the charge is losing energy in the process of radiation,
there should be a force acting against the velocity, a friction force.
Such a force is called the radiation reaction force f,.. We calculate
it using the energy balance equation

—(fr-v) =P, (19.20)

where the angular brackets indicate averaging over time. Take Eq.
(19.3) in real form

v = -1 EFysinwt, (19.21)
mw

and assume that f,, is in the direction of the velocity and is in
phase with it

frr=—Av. (19.22)
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Radiation reaction force
We then have

qEo
frr-v) = —fA . 19.2
vy =—2a(22) (19.23)
Equating this expression to P given by Eq. (19.12), we find
Z() q w
A= 19.24
C6m 2 (19.24)
and the force is
Zo g’ w? 1 g°>. 2rm.

fF, = 207y, (19.25)

vV = 7V
6 2 67meg 3 3 ¢

The last expression, as it turns out, is more general than our
derivation assumes—it is valid for arbitrary nonrelativistic motion
of a point charge.
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Light pressure

Let us take a quantum look at the Thomson scattering. The
photons of the incident wave within the Thomson cross section are
scattered off in different directions. The incident photons carry
momentum in the direction of k, that is the direction of the wave
propagation. The averaged momentum of scattered photons is
zero. Hence the recoil momentum is transferred to the scatterer —
there is a force in the direction of the wave propagation.
Let us use the quantum language. The ratio of the energy to
momentum for each photon is ¢, hence P/c is the momentum
scattered per unit time and is equal to the force fj, in the
longitudinal direction
2
fip = ~= GT2§OZO . (19.26)

See the classical derivation in the Lecture notes.
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Inverse Compton scattering
Assume that the scattering electron is moving with a relativistic
velocity v (y > 1) in the z direction and denote the incident wave
frequency by wg. Make the Lorentz transformation from the lab
frame to the beam frame.
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Inverse Compton scattering
First we need to calculate the frequency w’ of the incident wave in

the beam frame using the Lorentz transformation. We will use Eq.
(13.25) in which 6 =7

w' =2ywy. (19.27)

This is the frequency of the scattered radiation in the beam frame.
To transform it to the lab frame we will assume small angles 6 and
use Eq. (13.26) again
4y2w0

w = T4y202° (19.28)
We see that there is a spectrum of frequencies with the maximum
frequency equal to 4y?wg. Roughly, the frequencies of this order
propagate within a small angle

0~ (19.29)

1
v
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Inverse Compton scattering

An example of using Compton scattering for generation x-rays. See
http://www.lynceantech.com/

Compact Light Source

RF Gun Electron Beam Injector
and Laser s :f
Mirror

ﬁﬁﬁﬁﬁ

1 pm mode-locked Laser /' \
matched to ring cycle Mirror /
Xe-rays

frequency (~ 80 MHz)
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Synchrotron radiation
(Lecture 20)

February 3, 2016
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Lecture outline

We will consider a relativistic point charge (y > 1) moving in a
circular orbit of radius p. Our goal is to calculate the synchrotron
radiation of this charge. Using the Liénard-Wiechert potentials we
first find the fields at a large distance from the charge in the plane
of the orbit. We then discuss properties of the synchrotron
radiation using a more general result for the angular dependence of
the spectral intensity of the radiation.
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Synchrotron radiation pulses in the plane of the orbit
An observer is located in point O in the plane of the orbit in the
far zone. The observer will see a periodic sequence of pulses of
electromagnetic radiation with the period equal to the revolution
period of the particle around the ring, w, = 3¢/p is the revolution
frequency. Each pulse is emitted from the region x ~ z =~ 0.

0T
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Synchrotron radiation pulses in the plane of the orbit
Main steps in the derivation
@ Use the plane wave approximation for the radiation field (and
replace n with 2):

=——2Z X — E=—c2xB

@ Denote the retarded time by T, so that R(t) = ¢(t — ), use
R(T) = r— psinw,T. At time T = 0 the particle is located at
x =z =0, psinw,T is approximately equal to the z
coordinate at time T, hence R ~ r — z.

@ In the expression for A, further approximate the factor R in
the denominator by R ~ r, yielding

ZOq B(tret)

A(r,t) = 47r 1 — B(tyer) -1

Quantities depending on t.; are not approximated in this way.
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Field in the synchrotron pulse
The final result

Zoqg vy 2—¢&? rop(1 1.3
B =———F+— "7 t=—-—+-—| — — . (201
Y mrp (E2 +y2)3 c+c 2y2£+65’ (20.1)

The variable & = ¢t/p = w,T/P has a simple physical meaning—it
is roughly the angle on the orbit from which radiation that arrives
at the observation point O originates [remember our original
concept of waves emitted by an accelerated particle]. Polarization:
the electric field of radiation is in the plane of the orbit.
Introduce the dimensionless time variable £ = (y3c/p)(t —r/c)
and the dimensionless magnetic field B = (mrp/Zoqy*)By:

1-¢?

~ 1 1

where { = &y.
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Time profile of the pulse

The characteristic width of the pulse At ~ 1, which means that the
duration of the pulse in physical units

p
At~ — . 20.3
=3 (20.3)
The spectrum of frequencies presented in the radiation is
Aw ~ cy3/p.
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Fourier transformation of the radiation field and the

radiated power
The power P radiated in unit solid angle dQ in the x-z plane is,
using the plane wave approximation,

dP 2 r’c ,
=r°S-n=—B*(t 20.4
G0 =rsm="CB (204
The total energy flux W in this plane is
daw 5[
Froinid J dt S(t) .

—0o0
We consider the spectrum of the radiation. Use Parseval’s theorem:

o0 1 o0 - 1 o0 _
J dt B,(t)* = %J dw|B, (w)[? :T[L dw|B, (w)?,

—00 —00

where

B, (w) :J dt B, (t)e'“".
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Fourier transformation of the radiation field

We introduce the energy radiated per unit frequency interval per
unit solid angle as
d*w r’c? -

- _ " IB 2 20.
dwdQ ~ nze Bl (20.5)

so that the total energy radiated per unit solid angle is

0o 2
dW_J o 4V (206)

40 ), ““Ydwda-

dw d’W
aQ ?"d dawdQ
notation.]

are not derivatives of the function W, just a

396,460



Fourier transformation of the radiation field
The function éy(w) is calculated in the Lecture notes. The

spectrum is
d*w 27 rpwn\2 [ 12 w
_ 4 o(L) S K5, (20.7)
dwdQ) 1273\ ¢ v2 2w,
where Kj/3 is the MacDonald function, and the critical frequency
3cy?
= . 20.8
0.35F N E
oo/ 2 The dominant part of the spectrum
ff"zs: /" ¢ isiin the region w ~ w.. For NSLS-
gojﬁ,f il w ~ we corresponds to the wave-
Soof| 7 length of 0.5 nm or 2.4 keV photon
z:zzj 1 1 1 ; energy

wl2we
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Synchrotron radiation for { # 0
In a more general case of radiation at an angle { # 0 the
calculation is more involved. We will summarize some of the
results of this general case.
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Synchrotron radiation for { # 0

A more general formula valid for { # 0 is

W PZ o2 (1 S\ [, 2 )
dwda " 17 (o) <y2 b ) [KM(X) + 1y g s

b

(20.9)
where

3/2
wp (1 s w 5 o\3/2
=— | = =—1 . 20.10
X 3C<y2+tl>> 2, (LTYY) (20.10)
This result was obtained by J. Schwinger in 1949. Setting \p = 0 we
recover Eq. (20.7).
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Synchrotron radiation for { # 0

The Bessel functions falls off when the argument x > 1.

Kyz and Ky
=
o

Iy
=)

o
13

P I R NI IR I SR =
0.25 050 075 100 125 150 1.75 2.00

¢

o
=)
T

The spectrum is strongly correlated with the angle. What is the angular
spread in {? The dominant part of the radiation is in the region x < 1.
If w~ we, thenp < 1/y. For lower frequencies, the angle is larger:

e e

w p
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Synchrotron radiation for { # 0

The two terms in the square brackets correspond to different
polarizations of the radiation. The first one is the so called
o-mode, it has polarization with E, and B,. The second one has
the polarization with the electric field E, and the magnetic field

By; it is called the 7T mode.

G
N

N
"l""l""l""l""l"h"f‘
et
20 o.,tl.'bll"l""""".'"'t'.""'t"""i”"i
L]

N
Intensity &

Intensity o
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Synchrotron radiation for { # 0

The radiation is localized at small angles .

when integrating over d(Q), in addition to integration over the angle
1, one should include integration over the angle 9,

dw d>w 2 o0 d>w
T ldo—"" — do d
dw J dwdQ L Joo coshdb 7 Sdn
() d2W
= 27IJOO dd)idwdﬂ
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Synchrotron radiation for { # 0

Integration over the angle gives the frequency distribution

dW  2mp q*vZoc . [ w
= — 20.12
dw c  9mp S we )’ (20.12)
where
27X2 o0 2\ 2
S(X) :WdeT(1+T )

: [K22/3 (Fa+2) + 1+ 2K1/3 (;(1—1-’(2)3/2)}

_9v3

o XL Ks/3(y)dy .

The last expression is not easy to derive, but it is the most
common definition used.
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Synchrotron radiation for { # 0

Plot of function S.

wlw

The function S is normalized to one: fgo dxS(x) =1.
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Synchrotron radiation for { # 0

For small and large values of the argument we have the asymptotic
expressions

S(x) = 27\[ <3>x /3, x k1

8m21/3

23\/%\/;@*’(, x> 1. (20.13)
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Total radiated power

Integrating dW/dw over all frequencies, we will find the total
energy W, radiated in one revolution

>~ d 2 2yZ,
W,:J do @V _ 2 av4e (20.14)
0 dw c 97p
The radiation power (energy radiation per unit time) by a single
electron is
W, Zocqy 2romc®y*c
2mp/c omp € 3p2 ( )

Note that P/c is the energy radiated by one electron per unit
length of path.
Number of photons per unit bandwidth per unit time is:

PlNop _ 1AW 18 1wcg(w
dtdw  hw dw 2mp/c 27 vy? w ’

20.1
o). o)
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Total radiated power

Let's calculate the power of synchrotron radiation from dipole
magnets in NSLS-II. The energy 3 GeV, bending magnetic field 0.4
T, current | = 400 mA. Bending radius p = p/eB = 25 m,

C =780 m.

The critical frequency w. = 3.6 x 108 1/s corresponding to the
wavelength A = 0.5 nm and the photon energy 2.4 keV.

Radiated power by one electron 8.8 x 1078 W [note that an
electron radiates this power only inside the dipole and dipoles
occupy a small fraction of the ring]. Number of electrons in the
ring N = (C/c)l/e = 8.1 x 1012 which the gives total power of
0.14 MW. [There is additional radiation due to the wigglers in the
ring].
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Synchrotron radiation reaction force
(Lecture 24)

February 3, 2016
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Lecture outline

In contrast to the earlier section on synchrotron radiation, we
compute the fields observed close to the beam. We can use this to
evaluate the forces electrons are subject to from the fields produced
by the rest of the beam. Two different methods of calculation will
be shown. The second one is rather strange but it works.

We end by computing the synchrotron radiation reaction force of a
relativistic particle and show, by explicit calculations for a Gaussian
bunch, that the work of this force is equal to the energy radiated
per unit time.
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CSR wake

When a bunch of charged particle emits radiation, the energy of
the electromagnetic field is taken from its kinetic energy. The
energy balance in the process is maintained through a force that
acts in the direction opposite to the velocity of the bunch. This
force is called the radiation reaction force. In this lecture we
consider a different situation where the effect of coherent
synchrotron radiation fields fulfils the energy balance.

To simplify calculations, we will systematically neglect terms of the
order of 1/v in our derivation. This means that we consider the
limit y — oo and 3 = 1. An additional advantage of this approach
is that we automatically neglect the longitudinal Coulomb field of
the bunch, that is proportional to y 2.

We also assume a thin bunch, 0, — 0. Our goal is to find the
tangential component of the electric field inside the bunch. This is
called the CSR wake.
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CSR wake close to beam

Geometry for (a) P > 0, observer in front of particle, and

(b) ¥ < 0, observer behind particle. Green = observer, red =
particle at same time t, blue = particle at time tyt.

Observer is path length s in front of particle at time t. Negative
sign for location behind particle. Angle 1 = s/p, p is bending
radius.
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CSR wake close to beam

Define o similarly, particle has moved path length ap from
location at retarded time. Always positive. Velocity =~ ¢, y — o0.

Distance R from retarded position to observer:

R =2psin(s/2p) < s. For straight paths, we expected head of
bunch not to feel any forces from tail; long propagation distance
until fields catch up. But in bend, path of particle is not the
shortest distance between 2 points.

Retarded time:

0.6
t — tret :%
R 20| . x4+
- - sin ( 5 )’ ( )
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CSR wake close to beam

Parameter s is defined to follow the beam. s =S — ct, S in fixed
co-ordinates. We use the following:

A :Bret(D/C )

As =A.-Tt= (ﬁret ' T)(D/C )

O =0(S—ct), A=A(S—ct).
Then

od 0As 0 0
E. = _E — 3 = _E(Q — CAS) = _E[CD(]. - Bret ’ T)] .
(24.2)

Note that

Bret - T =2 cos(o + 1)

Bot - N 22 COS :—;(7‘[—0(—1]))] = cos <(X+Z¢> . (24.3)
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CSR wake close to beam

Positive 1:
q 1— Bret T
D — A, =
s 47T€O R(l_ﬁret'n)
. q l—cos(x+y) g 4
"~ 4meg 1 —cos[(oc+)/2] T 4dmeg pox
From

o« = 2sin <oc+21|)> ~ oc+1b—%(oc+ll))3 .

find & ~ (24)1/3 < P for small p < 1.
Then longitudinal field is

0 q 2
Es=—3; (@ —cAs) = Arteq 34/3p2/354/3

For negative 1, fields are negligible.
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CSR wake close to beam

There is a strong singularity near s = 0. This is not physical,
when s ~ p/y3 the fields level off and actually switch sign.
Es,max ~ QY4/(47T€092)-

We will wind up restricting attention to w < w.. For bunch

lengths much longer than ¢/w¢ ~ p/y3 the approximate expression
should be accurate enough.

415/460



More accurate CSR result

0 ] L e e e e e my
< |5-05] ]
Ol & /

~ |
ur -1+F / -
r’/‘ T I S R S|
0 2.5 5 7.5 10
3sy%/2p

A more exact calculation of the single-particle CSR wake, taking
into account scale finite v and lengths of order p/y3. This
function is needed to show full energy conservation; the other
expression is adequate for looking at frequencies < w,, which is
all we need for bunches with o, > c/w..
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Gaussian current distribution

For lone particles, the radiation reaction force has to be
determined by conservation of energy, namely that the particle has
to lose an amount of energy equal to the energy emitted in the
radiation fields. For a whole bunch, at least the low-frequency part
of the radiated spectrum is balanced by collective fields from the
whole bunch. The collective fields scale as N? rather than as N for
incoherent radiation.

For the coherent radiation, we need to take into account the
current profile. Assume a Gaussian distribution,
u(s) = Nq(27t)_1/2(r;1e_52/2‘7§. We also define A = u/Ng.
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Gaussian current distribution

The mean or collective longitudinal field is given by

Es(s) =N Joo Es(s —s")A(s") ds’
- Nroo(d) — cAJ)|s — s'd);is/l)

Ng 2 Jjoo ( 1 dA(s’) (24.7)

T 4mey 31/3p2/3 s—s/)1/3 ds'
03'3p )

where we integrated by parts.
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Gaussian current distribution
The last integral can be computed numerically, and is shown below.
The inaccurate singularity has minimal impact on the results.

0.2 |

|
o
N o

E5724/3ﬂ2/3/q

|
o
~

|
o
)

Figure : CSR field of a Gaussian bunch. The distance is measured in
units of 0, and the field is measured in units of Q/Gi/3p2/3, where @ is
the total charge of the bunch.
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Assumptions behind the CSR wake calculation
We started the CSR analysis by examining fields close to the beam.
This should be the near field, but we took the limit v — oco. The
fields are ultimately derived from the Liénard-Wiechert potential,

B — q n— B g nx{n-— Bret) X Bret}
47teg V2R2(1 — By - m)3  dmegc R(1— B - 1)3 ’
B=nxE. (24.8)

It seems like we should ignore the first term when considering
radiation. Also, the second term dominates when w > w,.

We are in fact neglecting the second term with Bret. We do this
not because of the single particle radiation field, but because we
assume that the bunch current only varies on a scale length

> c¢/wc. This effectively suppresses radiation at the higher
frequencies, and for frequencies much lower than w,, the Bret is a
small correction.
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Coherent versus incoherent synchrotron radiation

If we are ignoring acceleration, then we can treat any electron as
moving in a straight line, so long as that line crosses the
appropriate location at tyet.

There will be some radiation at high frequencies, but this will come
from fluctuations in the local density and the radiated power scales
like N, the total number of particles in the bunch, rather than with
N?. This corresponds to incoherent synchrotron radiation, not
coherent radiation. Qur approximations are valid for the coherent
part.
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Radiation reaction field in a bunch of particles
As we pointed out at the beginning of the lecture, the longitudinal
field keeps the energy balance between the kinetic energy of the
particle and the radiation. Let us demonstrate by direct calculation
for a Gaussian bunch,
_ 1 1 —s2/202
A(s) = oo e , (24.9)

that this is indeed the case. First we calculate the energy W, that
the beam loses in one turn around the ring

W, = — Ng 2C"J ds Es(s)A(s) (24.10)
/ s /
= u J A(s)ds Joo ( L OA(sT) ds’

31/3¢q s—s/)1/3 0s’

N2 2.1/3 0 X 1 6/7\\
= qp4327'cJ }\(X)dXJ’ 3 ) dy
31/3¢0 20/ —o0 —eo (X—y)V/3 0y

Py
where A takes s/0;, as an argument.
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Radiation reaction field in a bunch of particles

We then have to compare this expression with the power of coherent
synchrotron radiation. The latter is calculated through the expression for
coherent radiation (see Lecture 23)

aw
dw

_dW

= — (N + N*F(w)) (24.11)

bunch

where the intensity dW/dw is taken in the limit of low frequencies as
given in Lecture 20:

D _tmodiheg (o)

(24.12)

dw ¢ 9mp we

S(x) ~ 27\[ <3>x/3, x<K1l.

8m21/3
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Coherent radiation

The form factor

2

Flw) = Uoo dsA(s)e/®s/c| | (24.13)

—0Q

The form factor is equal the square of the absolute value of the
Fourier transform of the longitudinal distribution function of the
beam.

For a Gaussian distribution function

1
}\(S) = ﬁ6752/20§ y (2414)
z
we have
Flw) = e(wos/e), (24.15)
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Comparison
This gives the radiated energy per turn as

w2,

sz dwF(w)d— yZosz dwF(w)S(w)
oo w 9 oo We

= N2q2'y20;£r (5) J dwe™ % 0‘2/C 1/3
7T

4w 13213 \3) )

2 .2.1/3 (o)
__Nq%'P 3V, (5 J dwe Vw3, (24.16)
31/3¢y 2m0Y/3 2 3/ )

The easiest way to verify that this is consistent with the energy
decrease of the electron beam given in Eq. 24.10 is to compare the
values of the purely numerical terms following the first fraction.
And, indeed, calculations give that they are both equal to
3.17594966. (The above integral over frequency yields I'(2/3)).
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Formation length of radiation and coherence
(Lecture 23)

February 4, 2016
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Lecture outline

It takes some volume of free space for a particle to generate
radiation. We estimate the longitudinal and transverse size of this
volume for the synchrotron radiation. We then analyze the
radiation of a bunch of particles.
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Formation length

What length of the trajectory is involved in the formation of the
radiation? In Eq. (20.1) the variable & = ct/p is related to the
retarded time T. We saw that the characteristic width of the
electromagnetic pulse in terms of & is A& ~y ™1, for a time
duration T~ p/cy. Hence the length of the orbit necessary for
formation of the radiation pulse, which we call the formation
length, Ir is

I ~ct~ 2. (23.1)
Y
One does not need a complete circular orbit to generate
synchrotron radiation. If the length of the magnet L,, > p/v, all

our results are valid. NSLS-Il magnets: p =25 m, y =6 % 103,
Ir =~ 15 cm.
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Longitudinal formation length

How does this formation length agree with the duration of the radiation
pulse of the order of p/cy3? Since the charge is moving with the velocity
v &~ c(1 —1/2y?), the relative velocity between the charge and the
electromagnetic field is Av ~ ¢/y?, and during the formation time T the
field propagates away from the charge at the distance Avt ~ p/cY3,
which is the duration of the pulse.

For a short magnet, L,, < p/y, only a fraction of the pulse will be
radiated.

0.8F

0.6F

0.4}

0.2

0.0

Jumps in the pulse profile generate the edge radiation.
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Longitudinal formation length

More precisely, what we found above is the formation length for
the bulk of radiation with the characteristic frequency w ~ we.

What is the formation length for frequency w < w.? The analysis
requires a more careful look into integrals involved in the
derivation of the spectrum from which it follows that

le(w) ~ p*3A1/3 (23.2)

for A < Ac. For the critical frequency w = w this formula gives us
the previous expression.

In quantum language, the formation length gives time for a virtual
photon carried by the electromagnetic field of a particle to free
from the charge and become a real photon.
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Transverse coherence length

A charge also needs some space in the direction perpendicular to
the orbit to release radiation. We can evaluate transverse
coherence length I, :

I~ leAp ~ pt/3A%/3 (23.3)
(we used (20.11)).

The practical importance of the transverse coherence is that the
radiation can be suppressed by metal walls, if they are put close to
the beam. More specifically, if the beam propagates through a
dipole magnet in a metal pipe of radius a, then the radiation with
wavelength A > \/a3/p is suppressed. This is called a shielding
effect and it is important for suppression of undesirable coherent
radiation of short bunches in accelerators.
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Shielding of coherent radiation
The suppression factor for synchrotron radiation when a particle is
moving (on a circular orbit) between two parallel perfectly
conducting plates in the plane equally removed from each plate.
The distance between the plates is 2h.

Suppression factor

© © o 9o o kr Pk
o N B o ® o N

UJh3/2p—1/2lc

Figure : Suppression factor for the intensity of the synchrotron radiation
for the case of parallel conducting plates as a function of frequency.
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Transverse coherence length

The result shown above is valid in the limit w <« w.. Note that
the horizontal axis in the plot is wh3/2p=Y2/c ~ (h/I; )32, and
one can see that the suppression factor approaches zero when h
becomes much smaller than /| .

The concepts of the longitudinal and transverse formation lengths
is very general and is applicable to any kind of radiation processes.
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Coherent radiation
Consider radiation of a bunch of particles. Neglect the transverse size of

the bunch and take into account the longitudinal distribution, A(s),
[ A(s)ds =1.

The Fourier transform of a single pulse magnetic field B(t) of a reference
particle that passes through the center of the coordinate system at t =0

IS
0o

B(w) :J dtB(t)e'®t. (23.4)

—00

The field radiated by the bunch is sum of pulses
N
B(t)=) B(t—t), (23.5)
i=1

where t; = s;/c with s; the position of the particle / in the bunch.
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Coherent radiation
The Fourier image of this field is
N

N
Blw) = Jdtl’j’ei“’t = Z J dtB(t elwt Z e/t |

i=1 i=1

The spectral intensity of the radiation is proportional to |B(w)[?
(see Eq. (20.5))

>, w)|2 Z eiw(t,'*tk)
ik

=|B(w)? | N+ ) et
i#k
= N|B(w)P +2|B(w |2Zcos<

i<k

> . (236)
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Coherent radiation

The first term in the last equation is incoherent radiation—it is
proportional to the number of particles in the beam. The second one is
the coherent radiation term. The number of terms in the last sum is
N(N —1)/2 ~ N?/2. Instead of doing summation we can average
cos(w(s; — sx)/c) assuming that s; and s, are distributed with the
probability given by A(s):

Si — Sk 2 I gy (! " s'—s"
2 E cos ([ w———= | &~ N° | ds"ds"A(s")A(s") cos | w
c c

i<k
= N?*F(w), (23.7)
where the form factor F(w) is
T/ I " s’ —s"
Flw) = st ds"A(s")A(s") cos (w c > , (23.8)
and
dw dw
—— N+ N?F 23.
do| =g N NF@). (239)
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Coherent radiation
Eq. (23.8) can also be written as

2

Flw) = Uoo dsA(s)e'vs/c| (23.10)

—00

Eq. (23.10) shows that the form factor is equal the square of the
absolute value of the Fourier transform of the longitudinal
distribution function of the beam.

For the Gaussian distribution function

1
7\(5) = ﬁ6752/20‘§’ (2311)
we have

)2

Flw) = e (woe/e (23.12)
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Coherent radiation

For w/c > 1/0, the form factor is exponentially small. For the
reduced wavelengths longer than the bunch length, A 2 o, the
power scales as the number of particles squared. This radiation by
a factor of N is larger than the incoherent radiation. For a bunch
with N ~ 1010 this makes a huge difference! However, this
radiation can only occur at long wavelengths, and those are in
many cases (but not always) shielded by walls.
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Effect of the transverse size of the beam

We considered the above radiation in the longitudinal direction.
We now take into account the radiation at an angle and consider a
3D distribution of the beam. The 3D distribution function is A(r)
normalizes so that [ d3rA(r) = 1.
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Effect of the transverse size of the beam
We see that the delay between pulses radiated by the central particle and
a particle located at position r in the bunch is equal to
At = (ri —r¢) - n/c. The field (23.6) can now be written as

B(w)P = N|B(w)P +2/B(w) ) cos ( — rk)) , (23.13)
i<k
which gives for the form factor
(!
Flw) = Jd3r’d3r’/A(r')A(r") cos (wn(rcr)> . (23.14)

Similar to transition from (23.8) to (23.10) one can show that (23.14)
can be written as
2

F(w,n) = ‘Jd3r?\(r)ei‘”"'r/c , (23.15)

that is the square of the absolute value of the three dimensional Fourier
transform of the distribution function.
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Coherent synchrotron radiation

Calculate the coherent synchrotron radiation using Egs. (23.9). The
dominant contribution to the coherent radiation comes from frequencies
of the order or w ~ 0,/c which are much smaller than w.. Hence for the
intensity dWW/dw we can use the low frequencies approximation given by
Egs. (20.12) and (20.13) and assume a Gaussian distribution function

N2J dwF(w) Y = ngyZosz dwF(w)S (“’)

oo dw 9 —o0 e
3 \/g 5 (o) 2. 2,2
_a2.2.57 3 V3D —w?ol/c 41/3
= N%g vZo47TwC1/3 21/3r (3) J—oo duve N
Neqiyzy [ e\
=0.2— 75 (c) ' =
c z
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Coherent synchrotron radiation

NSLS-II: Number of bunches 1040, bunch length o, = 2.9 mm.
This would give the total radiation power of 87 kW. This power is
actually shielded by the conducting wall of the vacuum chamber.
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Coherent synchrotron radiation
From R. Carr et al., Nature, 2002.

a b
~100V VVVV \amp
\ THz
fs
GaAs  laser
pulse

Figure 1 Comparison between coherent THz radiation generated by an 80-MHz

conventional laser-driven THz source (a) and the relativistic source described here (b). In
a, the photo-induced carriers immediately experience a force from the bias field (~100V
across a 100 um gap) of ~10°Vm™", which results in an acceleration of 10'” ms =2,
The entire process is completed in less than 1 ps, resulting in spectral content up to a few
THz. In b, approximately the same number of charge carriers are brought to a relativistic
energy of >10MeVin alinac, after which a magnetic field bends their path into a circle of
radius p = 1 m, resulting in an acceleration ¢%/p = 10'" ms ™2, the same as for a. An
observer of b would also detect a brief pulse of electromagnetic radiation as an electron
bunch passed by. But in this case, two factors control the pulse duration; one is the bunch
ically compressed ac

length, and the other is the time for the

e — 40 MeV

from each electron to sweep past. The latter is given approximately by?* 3t = 4p/(3y°c),
and determines the spectral range emitted by each electron. The bunch length
determines the spectral range over which the coherent enhancement occurs. For an
electron energy of 10MeV (y = 21), and with p = 1 m, we obtain a 3¢ of about 500 fs,
which is comparable to the bunch length. The resulting spectral content extends up to
about 1 THz, the same spectral range as for a. With all factors except « the same, we see
from equation (1) that the power radiated by a relativistic electron exceeds that from a

conventional THz emitter by a factor of 4* =214 =2x10°.
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Transition and diffraction radiation
(Lecture 22)

February 4, 2016
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Transition radiation

The transition radiation (TR) occurs when a charge traveling with
a constant velocity crosses a boundary that separates two media
with different electric properties. We will calculate the TR for the
case when a charge hits a plane metal surface, moving in the
direction perpendicular to the surface.

0 :
di~/R q
\' \'
-V
vZ -q 5

445/460



Transition radiation

We replace the metal with an image charge. The boundary
conditions in this case are satisfied automatically. The charges
collide at point O at time t = 0 and annihilate. At time t >0
there are no charges in the system. [Method of images]

The trajectories of particles 1 and 2 for t < 0 are given by
r1(t) = (0,0, vt) and ry(t) = (0,0, —vt) respectively. We also

need to define the retarded times for both partlcles, ¢1)

ot and t,

rct
They satlsfy equations c(t — tret) IR — r1( ot )I and

c(t— tret) IR — raf ret)\ correspondingly (see (18. 1)) again for
r(et) < 0 and tr ) < 0. Note that the moment t( ) = ret =0
corresponds to r{ =rp =0 and t = R/c; we W|II use this

observation below.
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Transition radiation
To calculate the radiation, we need to find the vector potential A
at the observation point. For t ret < 0 and t]ret < 0 this is the
t'l > 0 and
tﬁet > 0, when there are no charges in the system, A = 0. As noted

above t,t = 0 corresponds to t = R/c, hence, for t < R/c we can
use Eq. (18.5)

A:é (B q + (—B) (=q) >
4m R ( ret)(l_ﬁ n) R ( ret)(]'—i_B n)

a2

where B = (0,0, v/c), h is the step function, and

potential corresponding to two charges, and for

Ril) = /(2= 02+ x2 432, Ra(t) =\[(z+ )2 +2 42,

Note: R here is the same as r earlier.
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Transition radiation

The magnetic field of the radiation is given by

1 0A
B=—— —. 22.1
cn . ot ( )
When we differentiate the equation for A with respect to time, we
only need to differentiate the function h—differentiating Ry and R»

would give a field that decays faster than 1/R. The result is

. Zoq R 1 1
B=m <c_ t) <R1(0)(1+ Beosd) T Ra(0)(1— fscose)>
(nxB) (22.2)

where n is a unit vector in the direction of R. [Polarization]
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Transition radiation

The values of R; and R» in this equation should be taken at the
retarded time t,o; = O:

Ri=Ry=+zZ2+x2+y?2 =R, (22.3)

and

Z02q9_ (R nxp
B=——%|——t)| ———=. 22.4
47t Re (C )1—[32cos26 (22:4)

We see that the radiation field is an infinitely thin spherical wave
propagating from the point of entrance to the metal. Since the
Fourier transform of the delta function is a constant, we conclude
that the spectrum of the radiation does not depend on the
frequency.
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Transition radiation
The spectrum of the radiation is given by Eq. (20.5) with

0 2o 2qei°°R/C nxpA

B(w) = dtB(t)e/®t = .(22.
(w) Joo (t)e 4t Rc 1—{2cos?6 (22.5)
For the angular distribution of the spectral power we have
d>w c’R? Z0q? B2sin’0
— B(w)]? = . :
dwda ~ iz, PN = 2 T pr o202 (22.6)

It follows from this equation that for a relativistic particle the
dominant part of the radiation goes in the backward direction.
Using B2 =1 —y 2 and approximating sin® ~ 0 and

cos? 0 ~ 1 — 02 we find

dPPW  Zog? 02
dwdQ "~ 4m3 (y2+402)2°

(22.7)
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Transition radiation

Figure : Angular distribution of transition radiation for a relativistic
particle. [Note: vertical axis should be normalized to y?, not y*.]
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Transition radiation

One can integrate this equation to find the spectrum of the
transition radiation

dw T d>w
E = 27-(‘[_[/2 sin 9do dwdO
. Zoq2 1
=0 KB + B) arctanh(f3) 1} . (22.8)

[can not replace sin 6 by 6].

The spectrum of the radiation does not depend on the frequency.
Formally, integrating over w from zero to infinity, we will find that
the total radiated energy diverges. In reality, the spectrum is cut
off at high frequencies because metals lose their capability of being
perfect conductors, and the transition radiation is suppressed. This
occurs at hw ~ 10 — 30 eV (submicron wavelength).
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Transition radiation
Problem 22.2. The usual setup in the experiment for the optical
transition radiation (OTR) diagnostic is shown in figure below: the beam
passes through a metal foil tilted at the angle 45 degrees relative to the
beam orbit. Show that in this case the radiation propagates
predominantly in the direction perpendicular to the orbit. How to solve
this problem using the method of image charges?
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Transition radiation

From R. Fiorito and D. Rule. OPTICAL TRANSITION
RADIATION BEAM EMITTANCE DIAGNOSTICS.

Fig. 2 a) Beam image in OTR, b) unpolarized, c¢) horizontally polarized OTR angular
distributions.
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Transition radiation in the forward direction
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Piestrup [451 Date of Patent: Aug. 9, 1988
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Diffraction radiation

Interception of the beam with a foil either destroys it or deteriorates the
beam properties. Sometimes one would like to generate radiation without
strongly perturbing the beam. This can be achieved if the beam passes
through a hole in a metal foil—and generates so called diffraction
radiation. The radiation properties depend on the size and the shape of
the hole. The complete electromagnetic solution of the radiation problem
in this case requires methods which are beyond the scope of this course.
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Diffraction radiation

It can be shown that in the limit Y > 1 and 8 < 1 the angular
spectral distribution of the diffraction radiation is given by the
following formula

d*w 20G° 92 wab wa
~ — s— (22.9)
dwdQ 473 (y2 4 02)2 c ey
where
y? 2
Flxy) = <yJ2(x)K1(y)—XJl(x)Kz(y)> L (2210)

with J1 > the Bessel functions and Kj» the modified Bessel
functions.
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Diffraction radiation

In the limit a — 0 the function F — 1 and we recover the result of
the transition radiation (22.7). The hole has a small effect on the
transition radiation at a given frequency w if it is small,

a < cy/w. We plot the spectral intensity of the radiation as a
function of the angle 0 for several values of the parameter aw/cy.
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Diffraction radiation

Figure : Angular distribution of the diffraction radiation for various values
of the parameter aw/cy (indicated by numbers near the curves). The
dashed line shows the limit a — 0, corresponding to the case of the
transition radiation.
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Diffraction radiation

The DR target (slit)

« adjustable slit
* 500 pm silicon wafer

« gold coating ~ 1 pm
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